
CHAPTER 

1 2  
UNSYMMETRICAL 
FAULTS 

Most of the faul ts that occur on power systems are unsymmetrical faul ts ,  which 
may consist of unsymmetrical s hort c ircui ts , unsymmetricar fau l ts through 
impedances, or open conductors. Unsymmetrical faults occur as single l i ne-to­
ground fau l ts ,  l ine-to-l ine faults, or doub le  l ine-to-ground faults .  The path of 
the fau l t  current  from l ine to l ine or l ine to ground may or may not conta in 
impedance. One or two open conductors result i n  unsymmet rical faults , through 
either the breaking of one or two conductors or the action of fuses and other 
devices that may not open the three phases simul taneously. S ince any unsym­
metrical fau l t  causes unbalanced currents to flow in the system, the method of 
symmetrical components is very useful in an analysis to determine the currents 
and voltages in al l  parts of the system after the ocCurrence of the fault .  We 
consider faul ts on a power sys tem by applying Thevenin's theorem, which allows 
us  to  find the  current i n  the fault by replacing the entire system by a s ingle 
generator and series impedance, and we show how the bus impedance matrix is 
appl ied to the analysis of unsymmetrical faults .  

12.1 UNSYMMETRICAL FAULTS 
ON POWER SYSTEMS 

J 

In the  derivation of equations for the symmetrical components of currents and 
voltages if! a general network the curren t s  flowing o u t  of the original balanced 
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FIG U RE 12.1  
Three conductors of a t hree-phase system. 
The stubs carrying currents  '/0 ' I[h ' and l[e 
may be i n terconnected to represen t  d i ffer­
ent types of fa u l t s .  

system from ph ases a ,  b, and c at  the fau l t  point wi l l be des ignated a s  If a , lib '  
and l[c ' respect ive ly .  We can v isua l ize these cu rrents by refe rr ing to Fig .  1 2 . 1 ,  
wh ich shows the th ree l i nes a ,  b ,  and c of  t h e  t h ree-phase sys tem a t  t h e  pa r t  o f  
t he  ne twork where the fau l t  occurs .  The flow of current from each  l i ne i nto the  
fa u l t  i s  ind icated by arrows shown on the  d iagram beside hypothetical stubs 
connected to each l i ne a t  t he  fau l  t l ocat ion .  Appropr iate connect ions of the  
s tubs represen t  the var ious types of fau l t .  For  ins tance, d i rect connect ion of 
s tubs  b and c produces a l i ne-to- l ine fau l t  t h rough zero impedance .  The current 
in s tub a i s  then zero, and lib equa l s  - l[c ' 

The l i ne-to-ground vol tages a t  any bus (J) of the sys tem Juring t he  fau l t  
wi l l  be designated V}a ' �h' and �c; and we sha l l  con t inue to use  superscripts 1 ,  
2 ,  a nd  0 ,  respect ive ly ,  to denote pos i t ive-, negat ive-, and zero-seque nce quanti­
t ies .  Thus, for example ,  Vj.�l ), V}�12 ), and Vj�O) wi l l  denote ,  respect ive ly,  t he  
posi t ive- ,  negat ive-, and  zero-seque nce components of the l i ne-to-ground  volt­
age Vj·a at bus CD during t h e  fau l t .  The l ine -to-neutra l  vol tage of  phase a at t h e  
fau l t  point  before t h e  fau l t  occurs w i l l  be des ignated s imply by VI '  w hich i s  a 
positive-sequence vol tage si nce the sys tem is  ba lanced. We m e t  t he  p refaul t  
vol tage VI previously in  Sec .  1 0.3 when ca lcu l at ing the curren t s  i n  a p ower 
sys tem wi th a symmetr ica l  th ree-phase fau l t  app l ied .  

A s ingl e-l ine d iagram o f  a power sys tem conta in ing two synchronous 
Ill � l ch i il cs i s  s h ow n  i ll Fi g .  1 2 . 2 .  Such , l  sys t e m  i s  sufficie n t l y  general  for 
e q u a t i o ll s  de r ived t h ere fro m t o  be , l p p l i c ( l b l e  t o  , I ll Y  b;I I Cl llccd sys t e m  regard less 
o f  the com plex i ty .  F igure 1 2 .2  a l so shows t he seq u e nce n e tworks o f  the sys tem.  
Th e po in t  where a fau l t  i s  assu m e d  to occu r i s  m a r k e d  P,  and in th i s  par t icu lar  
exam ple it is cal led bus CD on the s ingle- l ine di agram and in the s equence 
ne tworks. Machines are represented by  the i r  subtransient i n terna l  vol tages in  
ser ies wi th t h e i r  subtrans ient  reactances when subt ransient fau l t  condi t ions a re 
be ing s tud ied .  

I n  Sec .  1 0 .3  we used the  bus impedance matr ix composed o f  posi t ive­
seque nce impedances to de termine currents and vol tages upon t he  occurrence 
of a symmet rical th ree-phase fau l t .  The method can be eas i ly extended to apply 
to unsymmetrical fau l ts by rea l iz ing t h at the negative- and zero-sequ ence 
ne tworks a l so can be represented by bus impedance matrices. The bus  impedance 
ma t rix w i l l  now be wri t ten symbol ica lly for the  posit ive-sequence ne twork i n  the  

, 
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following form: 

CD 
CD Z ( l ) 1 1 

W Z ( I ) 2 1  

Z( I ) -bus -
® Z( I ) 

k l  

® Z( I ) N I  

Similarly, the bus impedance 
networks wil l  be written 

CD 
W 

Z(2) = bus 
® 

® 

CD 
W 

Z(O) = bus 
® 

@ 

CD 
Z(2) I I 

Z (2) 
2 1  

Z(2) 
k 1 

Z(2) N I  

CD 
Z(O) I I  
Z(O) 2 1  

Z(O) 
k l  

Z (O) N l  

W 
Z( l ) 1 2  
Z( \ ) 22 

Z( I ) 
k 2  

Z( I ) N2 

matrices 

@ 
Z(2) 

1 2  

Z(2) 22 

Z (2) k2 

Z(2) N2 

W 
Z(O) 1 2  
Z(O) 

22 

Z (O) 
k 2  

Z(O) N 2  

® 
Z ( l) 

l k  

Z( I ) 
2 k  

Z( I ) k k  

Z( \ ) Nk 

for the negative-

® 
Z(2) 

I k  

Z(2) 2k 

Z (2) kk 

Z(2) Nk 

® 
Z(O) I k 

Z (O) 
2 k  

Z(O) 
k k  

Z (O) 
Nk 

® 
Z ( I ) I N 
Z ( I ) 2N 

( 1 2 . 1 ) 
Z( I ) k N  

Z( I ) NN 

and zero-sequence 

® 
Z(2) I N  
Z (2) 2N 

Z (2) 
k N 

Z(2) NN 

® 
Z(O) I N  
Z (O) 2N 

Z(O) k N  

Z(O) NN 

( 12 .2) 

Thus, ZW, zg>, and ZfJ) denote representatiye e lements of the bus impedance 
matrices for the  positive-, negative-, and zero-sequence networks, respectively. 
If  so desired, each of the networks can be replaced by i ts Thevenin equiva len t  
b etween any one of  the buses and the reference node .  
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(a) Single- l ine diagram of balanced three-phase system 

( b )  Positive-seq uence network 

Reference 

Cc) Negative-sequence network 

Reference 

( d )  Zero-sequence network 

FlGURE 12.2 

p ® + 

(e )  Thevenin equivalent of the 
positive-seq uence network 

1(2 )  fa p - +0 

( f) Thevenin equivalent of the 
negative-sequence network 

(g )  Theven in  equivalent of the 
zero-seq uence network 

S in g le - l i ne  d i agram of a t h re e-phase sys tem,  the three sequence networks of the system, and the 
Theven in  equiva lent  of each ne twork for a fa u lt at P, whieh is cal led bus CD. 

The Theven in  equiva lent  c i rcuit between t he  faul t  poin t  P and the 
reference node in each sequence network is shown adjacent to the diagram of 
the correspond ing n etwork in Fig. 1 2.2. As in Chap. 10 , the voltage source in the 
pos i t ive-sequence network and i ts Thevenin equivalent circu i t  i s  VI ' the prefault 
voltage to neu tral at the fau l t  point P, which happens to be bus ® in this 
i l lus trat ion. The Theven in  impedance measured between point P and the 
reference node of the positive-sequence network is zW, and its value depends 
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on the values of the reactances used i n  the network. We recal l  from Chap.  1 0  
that subtrans ient reactances of generators and 1 .5 t imes the subtrans ient  
reactances (or e lse  the t ransient reactances) o f  synchronous motors a re the  
values used i n  ca lculat ing the symmetrical current to  be i n terrupted. 

There a re no negative- or zero-sequence currents flowing before the fau l t  
occurs , and the prefau l t  vol tages are zero a t  a l l  buses o f  t he  n ega t ive - a n d  
zero-sequence ne tworks . Therefore, t he  prefau l t  vo l tage between po i n t P a n d  
the reference node i s  zero i n  t h e  nega t ive- and  zero-sequence �e tworks a n d  n o  
electromotive forces (emfs) appear i n  t h e i r  Thcv e n i n  e q u iva l e n t s .  T h e  nega t ive­
and zero-sequence i mpedances be twe e n  po i n t P at  bus CD J n cJ  the re fe re nce  
node i n  the respect ive networks are re presen ted by the  Thc\ e n i n  i mped a n ces 
Zk� and ZfOJ-d iagona l  e lements of  Z\��s and Z\��S ) respcct ivc : y .  

Since Ifl1 i s  t h e  cu rren t nowi n g froll/ t h e sys t e m  il / to t h e  fa u l t ,  i t s 
symmetr ica l  components 1 ( 1 )  1 (2) ' ll1 d 1 (0 )  How Olll  o f  th e  r c '-' p c c t ive s e Cl u c n e e  fa ) fa ' ( I iJ � 

networks and the i r  equ iva lent c i rcu i ts a t  point P,  as s h own i n  F i g .  1 2 . 2 .  Thus ,  
the  currents  - I}�), - Ij;), and - I}�) represent injected currems ill lO the  fa u l ted 
bus ® of the  posit ive-, negative-, and zero-sequence networks due to the  fau l t .  
These curren t inj ect ions cause voltage changes a t  t h e  b u ::, c ::,  u f  t h e  pos i t i vc - ,  
negative-, and  zero-sequence networks, which can be  calcu l ated from the  bus  
impedance matrices in the  manner demonstrated in Sec. 10 .3 .  For instance,  due  
to  the  inject ion - I}�) i n to  bus  ®, t h e  voltage changes in  the  pos i t ive-seq uence 
network of  the  N-bus system are given in  general terms by 

Ll VO ) 
1 a  

= 

6.V( l ) k a  ® 

® 

zf\ ) zW 
Z�II ) zW 

Z ( I ) Z ( ! ) 
k l  k 2  

- 2 ( 1 )1 ( 1 )  l k fa 
- Z ( I )1 ( 1 )  2 k  fa 

- Z ( I )1 ( 1 )  k k  fa 

- 2 ( 1 ) 1 ( 1 )  N k  fa 

® 

Z ( I )  
H 

Z ( I ) 
Nk 

® 
Z ( I ) 

I ,\' 

Z ( I ) 
2 1\' 

Z ( I ) 
NN 

o 

o 

.. - I ( I )  fa 

o 

( 12 . 3 ) 
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This equat ion is quite simi la r  to Eq. ( 10. 1 5) for symmetrical faul ts. Note that 
only column k of ZblJs enters i n to the calcu la tions. I n  industry practice, it is 
customary to regard a l l  p re fau l t  currents as being zero and to designate the 
vol tage Vf as the positive-sequence voltage at al l buses of the system before the 

fault occurs. Superimpos ing the changes of Eq. ( 12.3 )  on the prefault voltages 
then yields the total posi t ive-sequence vol tage of phase a at each bus during the 

fau l t, 

V ( \ ) l a 
V ( \ )  2 a  

V ( I ) k l l 

V( I )  Nil 

Vf 
Vf 

= 

VI' 
+ 

�( 

.1 V ( l )  l a  
.1 V ( I )  2 a  

.1 V ( I )  A ll 

6. V ( I )  Nil 

V - Z ( 1 )1 ( 1 )  f I k fa 

V - L ( \ ) 1 ( 1 )  f 2 k  fa 

V - 7 ( 1 )  [ ( I )  
/ ' k li.  fa ( 12 .4) 

Th is  equat ion is s im i l a r  to Eq . 0 0 . 1 8) for symmetrical fau l ts, the only d ifference 
be ing the added superscripts and subscripts denoting the positive-sequence 
components of the phase a quanti t ies .  

Equat ions for the negat ive- a nd ze ro-sequence vol tage changes due to  the  
fau l  t a t  bus  ® of the  N-bus system a re s imi lar ly wri t ten w i th  the superscripts 
in Eq. 02.3) changed from 1 to 2 and from 1 to 0, respectively. Because the 
prefau l t  voltages are zero in the negat ive- and zero-sequence networks, the 
vo ltage changes express the total negat ive- and zero-sequence vol tages during 
the fau l t ,  and so we have 

V (2 )  I {I 

= 

V"(a2) - Z (2) J (2) k k  fa 

V ( 2) Na _ Z (2) [ ( 2 ) N" fa 

V CO) I II 

V (O) 2 11 

V (O) k a 

v (O) Nil 

- Z(0)1 (0) I k  fa 
- _ 7 (O) j (O} ' 2k fa 

- Z(O) 1 (0) kk fa 

- Z (O) 1 (0) Nk fa 

( 12 .5) 

When the fau l t  is at bus ® ,  note that only the entr ies in col umns k of Zb2Js and 
ZhoJs are involved in the  calcu l at ions of negative- and zero-sequence vol tages. 
Thus, knowing the symmetrical components 1}�), 1}�), and I};) of the fault 
curren ts at bus ®, we can determine the sequence vol tages at any bus CD of 
the system from the jth rows of Eqs . 0 2.4) and ( 1 2.5) .  That is , during the fault 
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at bus ® the voltages at any bus (]) are 

v(O) = Ja 

V(2) = J a  

- Z(O)/ (O) jk fa 

( 12 .6) 

I f  the prefaul t voltage at bus CD is not Vf ' then we s imply repl ace Vf in  Eq. 
02.6) b y  the actual value of the prefau l t  (posi t ive-sequence) vo l tage at th at bus . 
Since Vf i s  by definition the actua l  prcfau l t  vo l tage a t  the faul ted bus CD ,  we 
always have at that bus 

V(O) = ku _ Z(O) 1 (0) kk fa 

V( I )  = V - Z( l )  / ( 1 )  ka f k k  fa 

V(2) -ka - - Z (2) / (2) kk fa 

( 12 .7 )  

and these are the terminal vol tage equat ions for the Thevenin equivalents of the 
sequence ne tworks shown in  Fig. 12.2 .  

I t  is important to remember that the currents Ij�), Jj�), and I};) are 
. symmetrical-component currents i n  the stubs hypothet ical ly  attached to the 
system at the faul t  point . These currents take on values determined by the 
particular  type of  fault being studied, and once they have been calcu lated ,  they 
can be  regarded as negative injections into the corresponding sequence net­
works. I f  the system has .1-Y t ransfo rmers , some of the sequence voltages 
calculated from Eqs. ( 1 2.6) may have to be sh i fted in  phase ang le before being 
combined wi th other components to  form the new bus vol tages of the fau l ted 
system.  There are no phase shifts involved in Eq .  02.7) when the voltage Vr at 
the fau l t  po int  is chosen as reference, wh ich is customary. 

In a system with .1-Y transfo rmers the open ci rcuits encountered in the 
zero-sequence network requ ire carefu l  cons iderat ion in  computer appl icat ions 
of the  Zbus bui lding algorithm. Consider, for instance, the sol idly grounded Y-tJ. 
transformer connected between buses § and ® of Fig. 12.3(a). The posi tive­
and zero-sequence ci rcui ts are shown in Figs. 12.3( b )  and 1 2.3( c), respectively. 
The negat ive-sequence circuit is the same as the pos i t ive-sequence c ircu i t .  It is 
straightforward to include these sequence circuits in  the bus impedance matri­
ces Z�Js ' Z��s ' and Zb2�s using the pictorial representat ions shown in the figures. 
This will be done in the sections which fol low when Y-/l transformers are 
present. Suppose, however, that we wish to represen t  removal of the trans­
former connections from bus ® i n  a computer algorithm which cannot avai l  of 
pictorial representations. We can easi ly undo the con nections to bus ® in the 
positive- and n egative-sequence networks by applying the bui lding algoritnm to 
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Reference 

(b)  

Z Z 

Reference 
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FIGURE 12.3 

� 
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'-
Z 

Reference 

(c)  
Z 

� 
Reference 

(e)  

(a )  6-Y grounded transformer w i th  I eakage impedance Z;  (b)  posItIve-sequence circui t ;  
(c)  ze ro-sequence c ircui t ;  (d) posit ive-sequence c i rcui t  wi th  interna l  node;  (e)  zero-sequence circui t  
w i th  i n ternal  node. 

the matrices ZbIJs and zb22s in the usual manner-that is, by adding the negative 
of the leakage impedance Z between buses @) and ® in the positive- and 
negative-sequence networks. However, a similar strategy does not apply to t he  
zero-sequence matrix ZboJs i f  i t  has been formed d i rectly from the  pictorial 
represcn tat ion shown i n  Fig. 12 .3(c) .  Adding - Z between buses @) and ® 
docs not re move t h e  zero-sequence connect ion from bus ® .  To permit un i form 
procedures for all sequence ne tworks, one st rategy is to include an in ternal 
node ®, as shown i n  Figs .  1 2 .3(d) and 12.3(e ) . 1 Note that the l eakage 
i m peda nce is  now subd i v i d e d  into two parts between node ® and t h e  other 

nodes  as shown.  Con nect i n g  - Z /2 between buses ® and ® in each of the 
seque n ce c i rcu i ts of Figs. 1 2 . 3 (d)  an d 1 2 .3( c )  wil l  ope n the transformer con nec­
t ions to  bus ® .  Also, the o p e n  c i rcui ts  can be represen ted wi th in  the comp uter 

algori thm by branches of arb i t ra r i ly l a rge impedances (say, 106 per un i t). 
I n tc rn al nodes of transformers can be usefu l  in p ractical computer appl ications 

ISee H .  E .  Brown, Solution of Large Networks by Matrix Methods , 2d e d. ,  John Wi ley & Sons, Inc., 
New Y o r k ,  1 9R5 .  
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of t he  Z bus building algorithm. The reader is referred to the reference cited i n  
footnote 1 for further guidance i n  hand l in g  open-circu i t  and short-circuit (bus 
tie) branches. 

The faults to be di scussed in succeed i  ng sections may involve impedance Zt between l ines and from one or  two l i n es to ground. When Zj = 0, we have a 
d irect short c i rcuit , which is cal led a bolted fault . Although such d i rect short 
c ircuits resul t in the highest va lue  of fau l t  curren t  and are therefore the most 
conservative values to use when determ i n i ng  the effects of ant ic ipated fau l ts, the 
faul t  impedance is seldom zero . Most fa u l ts a re the result of  i nsu l a t o r  flashovers , 
where the impedance between the l i ne and g ro u n d  d e pe n d s  on  t h e  res i s ta nce o f  

a a l£l Ira t Zr Ira I T 

b b , 
Ifb j O z/ Irb t \ 

c c 
Ire j -Ire � Zr 

(a) Three-phase fau l t  (6) Single l i n e-to- g r o u n d  fau l l  

Ira t r 
a r 

Ira t a ------------��--------------

b • b ------------�--------------
Irb t irb � Zr 

Zr -� 
c c ------------�.--I-------------Ire � 

(c) Llne-to- l ine fau l t  Cd )  Doub le  l in e-lo- g ro u n d  faul t  

FIGURE 1 2.4 
Connection d iagrams of the hypothet ical  stubs for var ious fau lts through impedance. 
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the arc, of the tower itself, and of t h e  tower foot ing if ground wires are not 
used. Tower-footing resistances form the major part of the  resistance be tween 
l ine and ground and depend on t he  soi l condit ions. The resistance of dry earth 
is 10 to  100 t imes the resistance of swampy ground. Connections of the 
hypothet ical stubs for fau lts through impedance Z f are shown in Fig. 1 2.4 .  

A balanced system remains symmetrical after the occurrence of a three­
phase fault having the same impedance between each l ine and a common point . 
Only posi tive-sequence currents flow. With t h e  fault impedance Z f equal in al l  
phases, as shown in Fig. 12.4(a), we s imply add impedance Z f to the usua l  
(posi t ive-sequence) Theven i n  equ iva lent  c i rcu i t  of  the system at the fau l t  bus ® 
and calculate the fau l t  curren t  from the equat ion 

( 1 2 .8 )  

Fur each of  the other fau l ts shown i n  F ig. 1 2 .4 ,  formal der ivations of the  
equa t ions for the  symmetr ica l -component  currents I}�), I};>' and If;) are pro­
v ided  i n  the  sections wh ich fol low. I n  e ach case the fau l t  po in t  P is designated 
as bus CD.  

Example 12. 1 .  Two synchronous mach ines  are connected t hrough three-phase 
t ransformers to the transmiss ion l i ne shown in Fig . 1 2.5 .  The rat ings and reactances 
of the machi nes and t ransformers are 

Machines 1 and 2 :  1 00 MVA,  20 kV ; x;; = XI = X2 = 20% , 

Xo = 4% ,  Xn = 5% 

Transformers T) and T2 : 1 00 MV A, 20�/345Y kY ; X = 8% 

On a c h o s e n  base o f  1 00 M Y  A,  l 4 5  kY i n  t he t r a ns m i s s io n - l i ne c i rcu i t  the  l ine  
r e a c t a n ces  arc  XI = X2 = 1 5%  a n d  X() = 50%.  Draw c<l c h  o f  t h e  th ree sequence 
networks and find t h e  zero-seq u e n c e  bus impedance matr ix by means of the Z hUS 
bu i ld ing a lgorithm. 

FI G U RE 12.5 
S ing le - l i ne  d i agram of the system of Example  1 2. 1 .  
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jO.04 
(2) 

Reference 

(a) 

Reference 

( b )  

® �  
(6) 1 7 jO. 1 5  

FIGURE 12.6 

(a ) Positive-sequence and ( b) zero-sequence networks of  the system of Fig. 1 2 . 5 .  Buses 0 and ® 
are in ternal  nodes of the  transformers. 

Step 1 

Step 2 

Solution. The given per-un i t  impedance values correspond to the chosen base, and 
so they can be used d irectly to form the sequence networks. Figure 1 2 .6( a )  shows 
the posi t ive-sequence ne twork, which is ident ical to the negative-sequence network 
when the emfs are short-ci rcui ted; Fig. 1 2.6( b)  shows the zero-sequence network 
with reactance 3Xn = 0 . 1 5 per un i t  in the neu tral connection of each mach ine .  
Note tha t  each transformer is ass igned an  i n t ernal node-bus W for transformer 
TJ and bus ® for transformer T2 • These i n t ernal nodes do not have an act ive role 
in the analysis of the system. In order to apply the Zbus bui ld ing algor i thm, wh ich 
i s  part icu larly simple in this example ,  let us l abel the zero-sequence branches from 
1 to 7 as shown. 

Add branch 1 to t h c  rcfc rencc node 

CD 
CD [ jO . 1 9 ] 

Add branch 2 to the reference node 

CD W 
CD [jO.19 0 1 
G) 0 jO.04 



Step 3 

Step 4 

Step 5 

1 2 . 1  UNSYMMETRICAL FAULTS ON POWER SYSTEMS 481 

Add branch 3 between buses G) and @ 
I ! 

CD @ 0 
CD fjO . 1 9  0 

jO
O
O4 j [ G)  0 jO.04 

(]) 0 jO .04 jO .os 

A d d  branch 4 between buses @ a n d  Q) 
[ i � 

CD W 0 G) 
CD jO . 1 9  0 0 0 
w 0 jO . 04 iO .04 iO 04 [ 0  () iO .04 iO.OS iO .OS 

CD 0 jO '()4 iO .OS iO .5S 

Add branch 5 between buses G) and ® I J-
CD G) @ G) ® 

CD jO . 1 9  0 0 0 0 

G) 0 jO .04 jO .04 jO .04 jO.04 

W 0 jO .04 jO .08 jO .08 jO .08 

[ 0  0 jO .04 jO .08 jO .58 jO.58 

® 0 jO .04 jO .08 jO .58 jO .66  

S t e p  6 

Add branch 6 from bus @ to the reference 

CD G) G) G) © @ 
CD -jO . 1 9  0 0 0 0 0 

G) 0 jO . 04 jO .04 jO .04 jO .04 0 

G) 0 jO .04 jO .08 jO .08 jO .08 0 

0 0 jO .04 jO .08 jO .58 jO .58 0 

® 0 jO .04 jO .08 jO .58 jO .66 0 

@ 0 0 0 0 0 jO . 1 9  
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Buses G) and ® are the fictit ious internal nodes of the t ransformers wh ich 
facil i ta te computer application of the Z buS bui lding algori thm. We have not 
shown calcu lations for the very high impedance branches represent ing the open 
circuits. Let us remove the rows and columns for buses G) and ® from the 
matrix to obta in the effect ive working mat rix 

CD W G) @ 
CD jO . 1 <)  () n () 

Z(O) - W 0 jO .O� jO .Oc; 0 
tHIS - G) 0 j O  .OS jO .58 0 

@ 0 ( ) 0 jO . 1 9 

The zeros i n  Z��s show that zero-se q u c n ce c ur re n t  i nj ec t c c.J  i n t l !  bus CD o r  b u s  @ of  Fig. 1 2 .6( b )  cannot cause vo l tages a t  t he  other b uses bCG.l uSC o f  t he  open 
circuits i n t roduced by the 6-Y t ransfo rmers . Note also that the jO .08 per -un i t  
reactance i n  ser ies wi th the open ci rcu i t  be tween buses ® a n d  @ d o e s  n o t  

affect Z��s s in ce i t  cannot carry current .  
By applying the Zbus bu i ld ing a lgori thm to the posit ive- and negat ive­

sequence n e tworks in a s imi lar manner, we obta in 

Z ( I )  = Z(2) = bus bus 

CD 
W 
® 
@ 

CD 
j O . 1 437 
j O . 1 2 1 1  
j O .0789 
j O .0563 

W G) 
j O . 1 2 1 1 jO .0789 
j O . 1 696 jO . 1 1 04 
jO . 1 1 04 jO . 1 696 
jO .0789 jO . 1 21 1 

We use the  above matrices i n  the examples which ful low. 

12.2 S INGLE LINE-TO-GROUND FAULTS 

@ 
jO .0563 
jO .0789 
jO . 1 21 1 
jO . l 437 

The s ing le  l ine -to-ground fau l t ,  the  most  common type, is caused by l ightn ing or 
by conductors making contact w i th grounded structures. For a s ing le l i ne- to­
ground fau l t  t h rough impedance Zf t he  hypothetical stubs on the three l i lies are 
connected, as shown in Fig. 1 2 .7, where phase a is the one on which the fau l t  
occurs. The re lations to  be developed for t h i s  type of  fau l t  wi l l  apply o n ly when 
the  fau l t  i s  on  phase a, but th i s  should cause no d ifficu lty s ince the phases are 
l abeled arbit rari ly and any phase can be designated as phase a . The cond i t ions 
at the  fau l t bus  ® are expressed by the fol lowing equat ions : 

( 12 . 9) 
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® 
a --____________ ���-----------------I,o t � ® -=-

b --Irb { -'-r �-

® 
FIG U R E  12.7 c --------------�. __ --------______ ___ 

Ir, � I 
Connect ion d iagram of the hypothetical 
st ubs for a s ingle l i n e-to-ground fau l t .  The 
fau l t  poin t  is ca lled bus CD. 

W i t h  Ifb = ffe = 0 ,  t he  symmetr ica l  components o f  the  stub cur rents a re  g iven 
by 

1 (0) 1 1 1 fa 
1 

1 ( 1 ) = 1 a a 2 
fil 3 

1 (2) 
fa 1 a 2 a 

a n d  performing the  mu l t i p l icat ion y ie lds  

If a 1 (0) = 1 ( 1 )  = 1 (2 ) = 
fa J a  fa 3 

If a 
0 
0 

( 12 . 10) 

Subst i t u t i n g  I}:�) for I}I; )  a n d  1/(;) shows t ha t  If a = 3 1}�:), and from Eqs. 0 2.7) we 

o l l L l i n  

v (O) -k a  -

V e l ) = 1.. 11 

V (2)  = k a  

- Z (0) I (0) H fa 
V - Z ( l ) 1 (0) 

f k k  fa 

- Z (2) / (0) kk fa 
Summing these equa t ions and  no t i ng  tha t  Vk o = 3Zf IX? g ive 

( 1 2 . 1 1 ) 

v = V(O) + V e l )  + V (2) = V - ( Z{O) + Z{ l )  + 2(2) ) 1 (0 ) = 32 f rO} 
k a  1.. 0 k a  /; a  f k k  k k  k k  fa f fa 
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Solving for /J�) and combining the result with Eq. 02.10), we obtain 

v ' 
/(0) = /(1 ) = / (2) = f 
fa fa fa Z( I )  + Z(2) + Z(O) + 3Z  k k  k k  k k  f 

( 12 . 12 )  

Equations 02. 12) are t h e  fau l t  current equat ions part icular to t h e  s ing le  
l ine-to-groun d  fault through impedance Z f '  and they are used wi th  the  symm et­
rica l-component relations to de te rm ine  a l l  the voltages and currents a t  the  fau l t  
point P.  If  the Theven in equiva lent  c ircu its o f  t h e  t hree sequence ne tworks o f  
the  sys tem a re  connected in series , as shown in  F i g .  12 .8 ,  we see  t ha t  the 
currents  and  vol tages resul t ing therefrom sat isfy t he above equa t ions-for the 
Theven in  impedances looking into the three sequence networks a t  fau l t  bus CD 
are then in series w i t h  the fau l t  i m pedance 3Zf a n d  t h e  p rc fa u l l  vul t age sou rce 
Vf ' With the equivalent circuits so connected, the vol t age across each sequence 
network is the corresponding sym metrica l  component of the vol tage Vk a at  the 
fault bus ® ,  and the current i nj ected into each sequence network at bus ® i s  
the negative of the cOfn;sponding  sequence current  i n  the fZlUl t .  The s er ies 
connection of the Thevenin equiva lents of the sequence networks, as shown i n  
Fig. 12.8, i s  a convenient m eans of remembering the equat ions for the solu t ion 
of the s ing le  l ine-to-ground fau lt, for a l l  the necessa ry equa tions for t he  fault 

zi� 

Zi� 

FlGURE 12.8 

] ( 1) 
fa 

• 

](2) fa , 

1 CD)  fa , 

® 
t + 
V (2) k a  

® 
+ 

V(O) k a  3Zr 

1 (0) = ] ( \ )  = ]('2)  fa fa fa 

t 

Connection of the Thevenin equivalents of the sequence networks to s imulate a single l ine-to1ground 

fault on phase a at bus ® of the system.  
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point can be determined from the sequence-network connection. Once the 
currents I}�), I}�), and I};) are known, the components of  vol tages at  a l l  other 
buses of the system can be determined from the bus impedance matrices of the 
sequence networks according to Eqs. (12 .6). 

Example 12.2. Two synchronous mach ines are connected th rough three-phase 
transformers to t he t ransmiss ion l i ne  shown in Fig. 1 2.9(a). The rati ngs and 
reactances of the mach ines and t ransformers are 

Machines 1 and 2 :  1 00 MVA , 20 kV; x;; = XI = X2 = 20%,  
X" = 5% 

Tra nsformers T, a n d  T .... : 1 00  MVA, 20Y /34SY k V ;  X =  R %  

Bo t h  t r a n s formers a r c  s o l i d l y  g ro u n d e d  on  two s i d e s .  O n  (\ c hosen base of  1 00 
MV 1\ ,  :145 kY i n  t h e  t ransm iss i o n - l i ne circu i t  t he l i ne react a n ces are X I  = X2 = 
1 5 %  a nd XI) = 50%. The sys tem i s  o p e ra t i n g  a t  nom i n a l  vo l t age w i t h o u t  prcfau l t 
curren ts when a bo l ted  ( Zr = 0 )  s i ng le l ine - to -grou n d  fau l t  occu rs on  phase A a t  
bus G).  Using t he bu s  impcdance m a t r ix  for each o f  t h e  three sequence networks, 
determ ine the subtrans ient curren t  to ground at the fau l t ,  t he  l i ne-to -g round 
voltages a t  the  tcrminals of  mach ine 2 ,  and the  subtrans ient curren t  out of phase c 
of machine 2. 

Solution. The system is the same as in Example 1 2. 1 ,  except that the transformers 
are now Y -Y connected. Therefore ,  we can cont i nue to use Zb1Js and Z\,2Js 
corresponding to Fig . 1 2.6( a) ,  as given in  Example 1 2 . 1 . However, because the 

CD TI ® @ T2 @ Mac;:� oH�>--+-I --+---<1 �Ho �ne 2 
n Y ·.I. n �  

(a) 

)0 . 15 
Reference 

( b )  

FIG U RE 1 2.9 
( a )  The s ingl e · l i n e  d i agram and ( b )  zero-se q u e nce n e twork of the sys tem of Exam p l e  1 2.2.  
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+ 
V{ = 1.0� 

FIGURE 12. 10  

jO.1696 

I(l) fA 
I ® 

I t  + jO. 1696 

jO. 1999 

[ (0) 
fA 

V ( 2 ) 3 ,1 

® 

, --

Series connection o f  the Thevenin equiva lents o f  the sequence ne tworks for the s ingle l i ne-to-ground 
fault of  Exa mple 1 2.2.  

t ransformers are sol id ly grounded on both s ides, the zero-sequence network is fu l ly  
connected, as shown in F ig .  1 2.9( b ), and has the bus impedance matr ix 

CD (1) G) @ 
CD iO . l S S 3  iO . 1 407 jO . 0493 jO .0347 

Z(O) - CV jO . 1 407 jO . 1999 jO .070 1 jO .0493 
hll:-i - G) jO .0493 jO .07 0  I jO . 1 099 jO . 1 407 

G) iO .O]47 jO .049] jO . 1 407 i O . 1 SS]  

Since the l i ne-to-ground fau l t  i s  a t  bus G), we must connect t he  Theven in  
equ ivalent c i rcuits o f  the sequence networks i n  ser ies , as shown i n  Fig. 1 2. 1 0 . From 
this figure we can calculate the symmetr ica l  components of the current If A out of 
the system and in to the fau l t ,  

] (0) - 1 ( 1 )  - 1 (2 )  -fA - fA - fA - Z ( I )  + Zm + Z «l) 33 3 3 33 

1 .0L2Q: 
j(0 . 1 696 + 0 . 1 696 + 0 . 1 999) 

- -j1 .8549 per un i t  



12.2 SINGLE LlNE-TO-GROUND FAULTS 487 

The total current in the fau l t  is 

IjA = 3I}?J = -j5 .5643 per un i t  

and s ince the base cu rrent in  the h igh-voltage transmission l ine  is 1 00,000/ /3 X 
345 = 167 .35 A, we have 

IrA = -j5 .5643 X 1 67 .35 = 93 1/ 2700 A 

The phasc-a sequence vol tages at bus @, the termina ls  of  mach i ne 2, are 
ca lcu la ted from Eqs. ( 1 2 .6) with k = 3 and j = 4, 

- Z (( J )/ ( I J )  = - ( J O . 1 407 ) ( -J· I . 8549 ) = - 0 .26 1 0 pe r un i t � 'I �  J / 1  

V ( I )  =0 V - Z ( 1 )/ ( I ) = 1 - ( J·0 . 1 2 1 1 ) ( -J· 1 .8549) = 0 .7754 p e r  un i t  -I II J -1� J /1 

- zf:,)/J :i = - ( j0 . 1 2 1 1 ) ( -j 1 .8549 ) = - 0 .2246 per un i t  

� o t e  t h a t  su bscr ip t s  /1 a n d  (/ d e n o t e  vo l t ages a n d  c u r re n ls i n  t h e  h i gh -vol tage and 
low-vol t a ge c i rcu i ts ,  respect ive ly , o f  t h e Y-Y connected transformer. No phase 
s h i ft i s i nvo l v e d .  From t he  above sym m e t r ica l  compo n e n t s  we can ca lcu la te a -b-c 
l i n e - t o-grou nd v o l t ages a t  bus @ as fo l l ows: 

1 

a 

a 
" a -

- 0. 26 1 0 
0 .7754 
- 0 .2246 

0. 2898[Q: 
1 . 0 1 87 L - 12 1 .3° 
I () un L 1 2 I . �o 

--

0 .2898 + jO .O 
= - 0.5364 - jO .3660 
- 0 .5364 + jO .3660 

To express t h e  l i n e - t o-grou n d  vo l t ages of m ach ine  2 in k i lovo l ts, we mult ip ly by 
20/ Ii , w h i c h  g ives  

V-l iI = 3 . 346L.Q: k V · V4h = 1 1 . 763/ - 1 2 1 .8° k V  V4 c = 1 1 .763 �.8Q kY 

To d e t e r m i n e  p h a se -c c u r re nt  o u t  of mach i ne 2, we must first ca lcu late t he  
sy m m e t r i c a l  compon e n t s  of  t h e  p h ase-a current  i n  t h e  branches representing the  
m ach i n e  i n  t h e  sequen ce networks. From Fig. 1 2 .9( b ) t h e  zero-sequence current 
O l l f  o f  the mach ine i s  

VIOl 4 u 
- -- = 

0 .26 1 0 
jO .04 = -j6 .525 per un i t  
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and from Fig. 12.6(a) the other s equence currents are calculated as 

/( 1 )  = a 

/(2) = a 

v - V(l ) f 4a 

jX
" 

v (2) 4a 
- --

jX2 

1 .0 - 0 .7754 
-j 1 . 1 23 per u n i t  = 

jO .20 
0 .2246 

j O . 20 
- -j l . 1 23 per un i t  

Note that the mach i ne currents a rc s h o w n  w i thou t  subscr ip t  J ,  wh ich i s  rese rved 
exc lusively for the (stub) curren t s  a n d  vo l tages of the fa u l t  poi n t .  The phJse-c 
currents in machine 2 are now eas i ly ca lcu l a ted ,  

= -j6 .525 + a (  -j 1 . 1 23 )  + a 2 e -j1 . 1 23 )  = -j5 .402 pe r u n i t  

The base curren t  i n  the mach ine  c i rcu i t s  i s  100,OOO/ ({3 X 20) = 288 6 .75 1 A ,  a n d  
so I Ie l  = 1 5,594 A .  Other voltages a nd  cu rrents i n  t h e  system can be  calcu la ted 
simi larly. 

12.3 LINE-TO-LINE FAULTS 

To represent a l i ne-to-line  fau l t  through impedance Zf '  the hypothetical s tubs 
on t he three  l ines at the fault  a re con n ected ,  as s hown in Fig. 12 . 1 1 .  Bus ® is 
aga i n  the fau l t  point P, and without any  loss of genera l i ty, the l i ne-to- l i ne fau l t  
i s  regarded as  being on  phases b and c .  T h e  fol lowing re l a t ions must be  
satisfied a t  the  fau l t  point 

( 12 . 1 3) 



+ 
Vr 

z(l) k k  

FIGURE 1 2 . 1 2  

® 
+ 

V( l) k a  

Zr ® 

Reference 

V(2) k a  
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Z(2) kk  

Connect ion of the  Theven in  equ ivalents  of t he posi t ive- and negat ive-sequence networks for a 

l ine- to- l ine fau l t  between phases b a n d c at bus ® of the sys tem. 

Since Ifb = - Ife and If a � 0, the symmetr ical componen ts of curren t  are 

I (0) 
fli 1 0 

I ( I ) 
1 a a2 Ifb fa 

3 J (2)  
fa 1 a 2 a - lfb 

and mul t ip lying through i n  th i s  equat ion shows tha t  

1 ( 1 )  = - / (2) 
fa fa 

( 12 . 1 4) 

( 12 . 15 ) 

The voltages throughout t h e  zero-sequence ne twork must b e  zero since there 
are no zero-sequence sources, and  because 1J�) = 0, cu rrent is not being 
i nj ected in to tha t  network due  to t h e  fau l t - Hence, l ine-to- l ine faul t  calcula tions 
do not involve the zero-sequence ne twork, wh ich  remains the same as before 
the fau l t-a dead network. 

To  sa t isfy the req u i remen t  t h a t  I}(�) = - l}�>' le t  us connect the Thevenin 
equ ivalents of  the pos i t ivc- and negat ive-sequence networks in parallel, as 
shown i n  Fi g .  ] 2 . ] 2 . To show t ha t  t h i s connect ion of the networks a lso sa t isfies 
t he  vo l tage equa t ion V" h - Vkc � ,  111> /,f , we now expand e ach side of that 
equat ion separately as fol lows : 

1 Z = ( 1 ( 1 )  + 1 (2» ) Z - ( a21 ( 1 )  + al (2» ) Z fb f fb fb f - fa fa f 
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Equating both terms and sett ing I};) = - I J�) as in Fig .  12 . 12, we ob ta in 

or 

( a 2 - a ) ( V ( l )  - V<2» = ( a 2 - a ) I ( I )Z k a k a  fa f 

V ( l )  - V (2) = I ( I )Z k a ka fa f ( 1 2 . 1 6) 

which is p recisely the vol tage-drop equa t ion for i m p e d a nce Zf i n  F i g .  1 2 . 1 2 . 
Thus, al l  the fau l t  cond i t ions of  Eqs .  ( 1 2 . 1 3 ) arc sat isfied by co n Ilect i ng the  

pos itive- and negat ive-seq u e nce ne t w o r k s  il l pam llel l h ro u g h  i m pc J ; l l1ce Zr ' as 
shown in Fig.  1 2 . 1 2 . The z e ro-se q ll c l lc� I l c lwor k i s  i n acl ive  i l n u  dm:s n o l  e n Le r  
into t h e  l i ne- to- l i ne fau l t  c a l c u l a t i o n s .  T h e  eq u a l i o n  fo r t h e pos i t i ve-seq u e n c e  
cu rrent  in t h e  fa u l t  ca n b e  d e t e rm i n e d  d i r L' L" t l y  f ro m  F i g .  1 2 . 1 2 s o  t h : l t  

1 ( 1 ) = - 1 ( 2 )  _ fa fa 

For a bolted l ine-to- l ine  fau l t  we set  L f =---' O .  

( 1 2 . 1 7) 

Equations ( 12 . 17) are the fau l t  c u r re n t  e q u a t i o n s  fo r a l i n e - t o - l ine  fau l t  
t h rough impedance Zf ' Once I}�) and Ii;) a re known ,  they can h e  t re a t e d  as 
i nject ions - I}2 and -: IJ�) into the p o s i t ive- and negat ive-sequence networks, 
respectively, and the changes i n  the sequence vol tages at the buses of the sys tem 
due to the  fau l t  can be ob ta ined from the bus  impedance mat rices, as previ ous ly  

demonstrated . When 6.-Y t ransformers a re present ,  p h ase sh ift of  the pos i t ive­
and negative-sequence currents and vol tages must be t aken in to  acco u n  t in t h e  

calculations. The fo l lowing example shows how th i s  i s  accompl ish ed .  

Example 12.3. The same system as i n  Example 1 2 . 1  i s  opera t ing a t  nomina l  sys tem 
voltage wi thout prefau l t  cu rrents when a bol ted l i ne-to- l i ne fau l t  occ u rs a t  bus G). 
Using the bus impedancc matr ices 0 f t he  sequence networks for subtrans ient 
cond i t ions, de te rmine the currents i l l  the rau l t ,  t h e  l i n c - t o- l i n c  Yo l t (lges  a t  the  Ll u l t  
bus, a n d  t h e  l ine- to- l ine vol tages a t  t h e  t erm ina ls o r  mach ine 2 .  
Solution. z�)12s a n d  Z\;J, a rc a l re a d y  set  fo rth i n  Examp le  1 2 . 1 .  A l t ho u g h  Z\:�s is 
also given, we arc not concerned w i th  the zero-sequence ne twork in this sol u t ion 
s ince the fau l t  is l ine to l i ne .  

To simu late the fau l t ,  the Thcven i n  equ iva len t  c ircu i t s  at bus G) of  the  
pos i t ive- and negative-sequence networks of Example 1 2 . 1  arc connec ted i n  
para l le l ,  a s  shown in Fig. 1 2 . l 3 .  From th is l igure t he  sequence curre n ts arc 
calculated as fol l ows: 

1 + jO 
-j2.948 1 per u n i t  

j O . 1 696 + jO . 1 696 

Uppercase A i s 'used here because the fau l t  is in the h igh-voltage t ransmiss ion- l ine 



+ 
v( = 1 . 0� 

Fl C U RE  1 2 . 1 3  

jO. 1696 

1 ( 1 ) 
(A 

� ® 
+ 

Vel ) 
3 A  

- l  I 
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® 1(2) fA 
-

t +  jO. 1696 

V(2) 3 A  

Reference 

Conn ection of t h e  Theven in  equiva len t  c ircui ts  for t h e  l ine- to- l ine fau l t  of Example 12.3. 

c ircu i t .  Since Ij�) = 0, the componen ts of currents in  the fau l t  are ca lcu la ted from 

If A = Ij�) + IJ�) = - j2. 948 1 + j2.9481 = 0 

Ifll = a 2IJ�) + alJ;; = -j2 .948 1 (  - 0 .5 - jO .866) + j2 .9481 ( - 0 .5 + jO .866) 

- 5 . 1 06 1  + jO per u n i t  

5 . 1 061  + jO  per un i t  

As in Example 1 2 .2, base current in  the transmission l i ne  i s  1 67.35 A ,  and so 

ffll = - 5 . 1 061 X 1 67 .35 = 855� A 

Irc = - 5 . 1 06 1  X 1 67 .35 = 8ssLQ: A 

Symmet rical components o f  phase-A vol t age to ground at bus ® are 

v (O) = 0 J A  

Vj�) = Vj�) = 1 - Zi� /}�) = 1 - ( j0 . 1 696)(  -j2 . 948 1 )  = 0 .5  + jO per un i t  

Line -to-ground vol tages a t  fa u l t  bu s  G) are 

V - V(O) 3A - 31'1 + vj�) + vj�) = 0 + 0 .5 + D .S = 1 .0LQ: per un i t  

V3C = V38 ,;" 0 .5 � per  un i t  
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Line-to-l ine voltages at fault bus G) are 

V3, A B  = V3A - V3B = ( 1 .0 + jO) - ( - 0.50 + jO) = 1 .5L.! per uni t  

V3, BC = V3B - V3C = ( - 0 .5 + jO) - ( - 0.50 + jO)  = 0 

V3, CA = V3C - V3A = ( - 0 .5 + jO)  - ( l .0 + jO )  = 1 .5� per un i t  

Expressed i n  volts, these l ine-to- l ine vol tages a re 

345 
V3 . A ll  = 1 .5LQ: X f3 = 299L..Q: kY 

345 
V3 , CA = 1 . 5/ 1 80'" x ",' = 299L 1 800 kY 

v 3  . _-

For the moment, let us avoid phase shifts due to t he  Ll-Y transformer connected to 
machine 2 and proceed to calcu late the sequence volt ages of phase A at  bus @ 
using the bus impedance matrices of Example 1 2 . 1  and Eqs. ( 1 2.6) with k = 3 and 
j = 4 

V4(AO) = - 2 (0)1 (0) = 0 43 fA 
V4�) = VI - Zg>lj� = 1 - ( j0 . 1 2 1 1 ) ( -j2 .94 8 1 )  = 0 .643 per un i t  

V4�) = - ZWI};J = - ( j0 . 1 2 1 1 ) ( j2 .948 1 )  = 0 .357 per un i t  

To accoun t  for phase sh i fts i n  stepp i ng  down from the  h igh-vol tage t ra nsmiss ion 
l ine to the low-voltage termi nals of machine 2, we must retard the pos i t ive-sequence 
voltage and advance the negat i ve-sequence vol tage by 30° . At mach ine 2 terminals , 
ind icated by lowercase a, the voltages are 

V4';) = ��)� = 0 .357  � = 0 .3092 + jO . 1 785 per un i t  

V4a = ��) + �(� ) + V4(;) = 0 + (0 . 5569 - jO . 3215)  + (0 .3092 + j0 . 1 785) 

= 0 .866 1 - jO . 1 430 = 0 .87781 - 9 .40 per un i t  
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Phase-b voltages at terminals of  machine 2 are now calculated, 

- 0 .3092 + j0 . 1 785 per un i t  

V4b = V4�) + V4(� ) + V4<;) = 0 + ( - 0 .5569 - jO_3215) + ( - 0.3092 + jO . 1 785) 

= - 0 .8661 - jO . 143 = 0 .8778/ - 170 .60 per un i t  

and for ph ase c of mach ine 2 
v (( l )  = V(O) = 0 4c 4 " 

V4\1 ) = a V}� ) = ( 1� )(0 . 64 3/ - 300 ) = 0 . 643� per un i t 

V2) = a 2 V4(;) = ( 1/ 2400 ) (0 .357� ) = 0 .357L - 900 per un i t  

V4c = ��) + �(j ) + V2) = 0 + ( j0 .643) + ( -jO .357) = 0 + jO .286 per unit 

Line-to-l i ne  voltages at the terminals of mach ine 2 are 

V4 . ab = V4a - V4b = ( 0 .866 1 - jO . 143) - (0 . 8661 - jO. 1 43) 

= 1 .7322 + jO per uni t  

V4 be = V4b - V4c = ( - 0 .866 1 - j0 . 1 4 3 ) - (0 + jO .286) 

= - 0 . 8661 - j0.429 = 0 .9665 / - 153 .650 per uni t  

V4 . CiJ = V4 ( _ ... V4 0  = (0 + jO .286) - ( 0 .866 1 - jO . 1 43 )  
= - CLr;66 1 + j0 .429 = 0 . 9665/ 153 .65" pcr uni t  

In v o l t s ,  l i n c - to- l i n c  vo l t ages at machinc 2 tcrm i n als  a r c  

� . ah = 1 . 7322� 20 
x - = 20� kY fS 
20 

V4 , b c  = 0 . 9665/ - 1 53 .65° X 13 = 1 1 .2/ - 153 .65° kV 

V4 , ca = 0 , 9665/ 153 .65° 
20 

X 13 = 1 1 .2/ 153 .650 kV 
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Thus, from the currents Ijr;t, Ij!), and Ij;; of the fau l t  and the bus impedance 
matrices of the sequence networks we can determine the unbalanced bus 
voltages and branch currents throughout the system due to the l i ne-to- l ine fau l t .  

12.4 DOUBLE LINE-TO-GROUND FAULTS 

For a double l ine-to-ground fau l t  the hypothet ica l  s tubs are connecte d ,  as 
shown in Fig. 12 . 14. Again ,  the fa u l t  is taken to be on phases b and c, and t he 
relations now exis t ing a l  t he fa u l t  b u s  ® a rc 

( 1 2 . 1 0 )  

S ince Ifa i s  zero, the zero-sequence cu rren t  is g iven by Ij�) = ( Jjb + If)13, and  
t h e  vol tages of  Eq . 02 . 18) t hen  become 

( 1 2 . 19)  

Substitut ing Vkb for Vkc in the symmetr ica l -component  transformat ion,  we find  
that  

V(O) k a 
V ( l ) ka -
v (2) 
ka  

® 
a 

i 
Ir<l� 

® b • Irbt 
® 

c 
Ire t 

1 1 
1 - 1 a 
3 

1 a 2 

1 Vka 
a 2 Vkb ( 12 .20) 

a Vkb 

FIGU�E 12. 14 
Connection d iagram for the hypothe t i ca l  

stubs for a double l ine-to-grou nd fau l t .  

The fau l t  point  i s  ca l led bu s  ®. 
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The second and third rows of this equation show that 

v:(l )  = V(2) 
k a  k a  

whi le  t he  first row and  Eq. (12 .19) show that 

( 12 .21)  

Col lecting zero-sequence terms on one s ide ,  sett ing VJ;) = Vf�), and solving for 
Vk(;) ,  we obtain 

Ve l )  = V(O) - 3Z 1 (0) 
k a  k u  f fa ( 1 2 .22) 

Bringing together Eqs. 02 .2 1 ) and  02 .22), and again not ing t hat If a = 0, we 
arrive a t  the resu l t s  

V ( I ) = V (2) = V (O) - 3Z 1 (0) 
k a k a  k a  f fll 

1 (0) + 1 ( 1 ) + 1 (2) = 0 
fa fa fu ( 1 2 .23) 

These characterizing equat ions o f  the double l ine- to-ground faul t  are satisfied 
when all t hree of the sequence n etworks are con nected in parallel, as shown in 
Fig. 12 . 15 .  The d iagram of ne twork connect ions shows t ha t  the positive­
sequence current  I}�) is determ ined  by apply ing p re fau l t  vol tage Vf across  the 
tota l  impedance consist ing of Zk� in  series wi th the paral le l  comb i nat ion of zi� 
and (Zko; + 3Z f). That is ,  

] ( 1 ) fa ® 

9 

� - ! + 
Z(I )  k k  vO }  k a  � -

FIG U RE  1 2 . 1 5 

1 ( 1 ) = fa 
Z ( I ) + kk  

] ( 2) fa 

[ Z (2) ( Z (O) + 3Z 

) 1 k k  k k  f 
Z (2) + Z(O) + 3Z . k k  k k  J 

® ](0) ® -- � -c::::J-� - t + - \  + Z( 2) Z (O) k k  v (2)  kk  V (O) k a k a  � - I -
• 

( 12.24 ) 

Co n nection of the  Theven i n  equivalents of the  sequence networks for a double l i n e-to-ground fault 
on phases b and c at bus ® of the  system.  
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The negative- and zero-sequence currents out of the system and into the fau l t  
can be determined from Fig. 12. 15 by simple current division so that 

[(2) _ 

III -
[ Z(O) + 3 Z  1 _ /( 1 )  k k  I 

III Z (2) + Z (O) + 3 2  
k /.;  k k  f 

1 (0) = _ 1 ( 1 ) [ Z[� 
la fa 2 ( 2)  + L (O)  + k k  k k  

( 12 .25 )  

( 1 2 .26) 

For a bolted fau l t  Zf is set eq ua l to 0 in the above e q u a t i o n s .  \\' h e n  LI = 0::- , the 
zero-sequence circuit becomes an  opc n c i rc u i t ;  1 1 0  z e ro - se q u e nce c u rre n t can  
then flow and the  equations rcvc r L  back t o  t h o s e  fo r t h e  l i n c - to - l i n e  fa u l t  
discussed in  the  preced ing section .  

Again, we observe that the sequence currents I}� ), I}� l , a n d  I}�l, once 
calcu lated , can be treated as negative inj ect ions into the seque nce ne two r ks at 
the fau l t  bus ® and the sequence voltage changes at a l l  buses of the system 
can then be calcul ated from the bus impedance matr ices, as we have done i n  
p receding sections. 

Example 12.4. Find the subtrans ie n t  currents and the l i ne - to-l i ne  vol tages at the 
fau lt under subtransient condit ions when a doublL: l i ne - to-ground fau l t  w i th  Z 1 =  0 
occurs at the terminals of machine 2 i n  the  system  of Fig .  1 2 . 5 .  Assume tha t  the 
system is u nloaded and opera t ing a t  ra ted voltage when the fau l t  occurs. Use the 
bus impedance matr ices and neglect resistance .  

S I ·  Th b . . d 
. 

Z<  I )  Z(2) d Z(O) h ·  
. 

o utwn. e us Impe ance matnces hus ' hus ' an hus a rc t t; same as  In 
Example 12. 1 ,  and so the Theven in impedances at fau l t  bus 0 arc equa l  in per 
un i t  to the d iagonal clements Z��) = j O . 1 9  and Z��) = Z��) = jO . 1 437 .  To s imu la te  
the double l i ne-to-ground fau l t  a t  bus  @, we connect the Thevc n i n  equ iva l e n t s  of 
a l l  three sequence networks in  para l le l ,  a s  shown in  F ig .  1 2 . 1 6 , from wh ich we 

/,., + ,----{=::Jr-----t-t:--:-'+ VI = l . OL..9� jO. 1437 V el )  4 0  
jO . 19 

\ -

FIGURE 12.16 

Connection of the Thevenin e quivalents of the sequence networks for the double l i ne -lo- I ine fault  o f  

Example 12.4. 
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obtain 

1 + jO 
I ( ! )  - ___ 

r-V_f ___ ..,,-
fa - [ Z(2)Z(0) 1 z ( l )  + 44 44 

44 ZUl + Z��) 
. [ ( j0 . 1 437) ( j0 . 19 )  

j O . l 437 + 
( j0 . 1 437  + jO . 19) 

-j4 .4342 per un i t  

Therefore, t he  sequence voltages a t t he  fau l t  are 

V ( I )  = V Ol = V (O) = V - I ( I )Z ( I )  = 1 - ( -JA 4342) ( J'0 1437) = 0 3628 per uni t  4 a � II 4 (/ j fa 4-1 • . • 

Cu rre n t  i nject ions  in to  the nega t ive- a n d  zero-seq u e n c e  networks a t  the fau l t  bus 
arc c a l c u l a t e d  hy cu rre n t  d iv i s i o n  as fo l l ows :  

/ (0) = _ f( l )  = '4 434? 
[ Z�) 1 [ jO . l 437 1 

fa fa Z�) + Z��) J .  - j(0 . 1437 + 0 . 1 9) 

The currents out of the system at the fau l t  point are 

= j 1 .9095 per u n it 

IIG = Ij�) + Ij�) + Ij;) = j 1 .9095 - j4 .4342 + j2 .5247 = 0 

= j 1 .9095 + ( 1/ 240'" ) (4 .4342/ - 90" ) + ( 1LE2: ) (2 .5247 � ) 
= - 6 .0266 + j2 .8642 = 0 ,6726/ 1 54 .6" per u n i t  

= j 1 . 9095 + ( l� ) (4 .4342/ - 90CJ ) + ( !� ) (2 .5247 L22: ) 
= 6.0266 + j2 .8642 = 6 .6726/ 25 .40 pe r un i t  

and the current If i n t o  t he ground is  
If = Ifb + fie = 3 Ij�) = j5 . 7285 per un i t  
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Calculating a-b-c voltages at the fault bus, we find that 

V4 • co = V4C - V40 = - 1 .0884 per un i t  

Base current equals 1 00 X lO :l/(!X X 20) = 2887 A i n  t he  circuit o f  m a c h m e  2 ,  
and s o  w e  find that 

lib = 2887 X 6 .6726/ 154 .6° = 1 9 ,262/ 154 .6° A 

Ifc = 2887 X 6 .6726/ 25 .40 = 1 9 ,262/ 25 .4° A 

If = 2887 X 5 .7285LiQ: = 1 6 ,538LiQ: -A 

The base l ine-to-neutral voltage in machine 2 is 20/ 13 kV, and so 

20 V4 • ub = 1 .0884 X f3 = 1 2 .568LQ: kV 

20 V4 • cu = - 1 .0884 X f3 = 1 2 .568� kV 

Examples 12 .3 and 12.4 show that phase shifts due to /l- Y transformers do 
not enter into the calcula tions of sequence currents and vol tages in that part of 
the system where the fault occurs, provided Vf at the faul t  point is chosen as the 
reference voltage for the calculations. However, for those parts of the system 
which are separated by /l-Y transformers from the faul t point, the sequence 
currents, and voltages calculated by bus impedance matrix must be shifted in 
phase before being combined to form the actual voltages. This is because the 
bus impedance matrices of the sequence networks are formed without consider­
ation of phase shifts, and so they consist of per-unit impedances referred .to the 
part of the network which includes the fau l t  point .  
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Example 12.5. Solve for the sub transient voltages to ground at bus @, the end of 
the transmission l ine remote from the double l ine-to-ground fault ,  in the system of 
Example 1 2 .4 .  

Solution. Numerical values of the faul t-current components are given in the 
solution of Example 1 2.4 and the elements of zb11s , Z�Js ' and zbols are provided in 

the solution of Exampl e 1 2. 1 .  Neglecting phase shift of the �-y transformers for 
the moment and subst i tut ing the appropriate values in Eq. ( 12 .6), we obtain for the 
voltages at bus @ due to the fau l t  a t  bus 0,  

Vi�) = - I}�)Z��) = - ( j l .9095 ) (0) = 0 

Vi�) = v, - IJ�)Z��) = 1 - ( -j4 .4342) ( j0.0789) = 0 .6501  per unit 

Vi�) = - Ig)zW = - ( -j2.S247) ( jO .0789) = 0 . 1 992 per unit 

Account ing  for phase s h i ft in s tepp i ng up to the transmiss ion-l ine circu it from the 
fau l t  at bus G), we have 

. 

Vi�  = Vi�)� = 0 .6501� = 0 .5630 + jO.325 1 per unit 

V2(� = Vi�)/ - 300 = 0 . 1 992/ - 300 = 0 . 1 725 - jO .0996 per unit  

The requ ired vol tages can now be calculated: 

v = V(O) + V( J ) + V (2 ) 2 A  2 A  2A  2A  = (0 .5630 + jO .325 1 )  + ( 0 . 1 725 - jO .0996) 
= 0.7355 + jO .2255 = 0 .7693/ 17 .0° per uni t  

V = V(O) + a 2 V ( J ) + a V(2) = ( 1/ 2400 ) (0 653 1 / 30° ) 2 B  2A  2 A  2 A  . � 
+ ( 1LE2: ) (0 . 1 992� ) 

= - 0 . 1 725 - jO .5535 = 0 .5798/ 1 07 .30 per unit 

V - V(O) + a V ( I )  + a 2 V (2) - ( 1/ ] 20(> ) (0.6531/30C' ) 2C - 2 A  2 A  2 A  - _ 

+ ( 1/ 2400 ) (0 . 1 992� ) 
- 0 .5656 + j O . l 274 = 0 .5798/ 1 67 .30 per unit 

These per-unit values can be converted to volts by mu l t iplying by the l ine-to-neutral 

base vol tage 345 / f3 k V of the transmission 1 ine. 
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12.5 DEMONSTRATION PROBLEMS 

Large-scale computer programs b ased on the  bus impedance matrices of the 
sequence networks are generally used to analyze faults on  electric u ti l i ty 
transmission systems. Three-phase and single l ine-to-ground fau l ts are usual ly 
the only types of faul t  studied. S ince circu it-breaker applications are made 
according to the symmetrical short-circuit current that must be i n terru pted,  this 
current i s  calcu la ted for the two types of  fault .  The pr in tout  includes the total 
faul t current and the contributions from each l ine .  The resu l t s  a lso l is t  those 
quantit ies when each l ine connected to t he  fau l ted bus  is opened i n  t u rn wh i l e  
a l l  others are i n  opera tion. 

The program uses the impedances for the l i nes  as provided i n  t h e  l i n e  d a t a  

for t he  power-flow program and inc l udes  the appropriate r e a c t a n c e  for each 
machine in  forming the posit ive- and zero-sequence bus impedance matrices. As 
far as impedances are concerned , the negative-sequence network is take n  to be 
the same as the positive-sequence network. So, for a s ingle l ine-to-ground fau l t  
a t  bus ®, I}�) i s  calculated in p er un i t  as 1 .0 d ivided by  the sum (2 Zk� + Zk� 
+ 3Zr). The bus voltages are included in the compu ter  pr intou t ,  i f  ca l led fOf, as 
wel l  as the current in l ines other than those connected to the faul ted bus since 
th is in formation can easily be found from the bus impedance matrices .  

The fol lowing numerical examples show the analys is of a s ingle l ine-to­
ground fault on (1) an industrial power system and (2) a small e lectr i� u ti l i ty 
system. Both of these systems are qu i te  smal l  in extent  compared to the 
large-scale systems normal ly encountered .  The calculat ions are presented wi th ­
out matrices in order to emphasize the  circu i t  concepts wh ich under l ie  fau l t  
analysis. The presentation should a l low t h e  reader to become more fam i l i a r  
wit h the  sequence networks and how they are  used to ana lyze fau l ts. The 
principles demonstrated here are essent ia l ly t he  same as those employed within 
the l arge-scale computer programs used by industry. The same examples are to 
be solved by the bus impedance matrices in the  problems at the end of t h is 
chapter. 

Example 12.6. A group of ident ica l  syn chronous motors is connected t h rough a 
transformer to a 4 . l 6-kV bus a t  a loca t ion remote from the generat ing pl ants of a 
power system. The motors are rated 600 V and  operate at 89.5% efficiency when 
carrying a ful l  load at un ity power factor and rated voltage. The sum of the i r  
output ratings i s  4476 kW (6000 hp) .  T h e  reactances i n  per  uni t  of each motor 
based on i ts own input kiJovol tampere rat i ng  are X� = XI = 0.20, X2 = 0.20, 
Xo = 0.04, and each is grounded through a reactance of 0 .02 per un i t .  The motors 
are connected to the 4 . l6-kV bus .through a transformer bank composed of t hree 
s ingle-phase un i ts, each of which i s  rated 2400/600 V, 2500 kVA. The 600-V 
windings are connected in 6. to the motors and the 2400-V windings are connected 
in Y. The leakage reactance of e ach transformer is 10%. 

The power system which supplies t he  4 . 16-kV bus is represented by a 
Thevenin equivalent generator rated 7500 kVA, 4 . 1 6  kV with reactan<;es of 
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CD 

FIGURE 1 2 . 1 7  

Motors Single-l ine d iagram of the system of Example 1 2.6. 

x;; = X2 = 0. 1 0  per u n i t ,  Xo = 0.05 per un i t , a n d  Xn from neutral to ground 
eq ua l  to D .05 p e r  u n i t .  

Each of t h e  i d en t i c a l  m o t o rs i s  supp l y ing <I n equa l  share o f  a tota l  load o f  3730 k W  (5000 h p )  (\ n d  is  opera t ing a t  rated vol t age , 85% powe r-factor l ag, and 
88% e flic i ency when , I  s ing le  l i ne-to-ground fau l t  occurs on the l ow-vol tage s ide of 
t h e  t ransformer  bank .  Trea t  the g ro u p  of  motors as a s ing le  equivalent motor. 
D raw t h e  sequ ence ne tworks show ing  va l ues of the impedances. Determ ine  the 
sub t ransien t  l i ne currents in a l l  parts of the system with prefau lt current negl ected .  

Solution. The s ingle- l i ne d iagram of t h e  system i s  shown in  Fig .  12 . 17 .  The 600-V 
bus and the 4 . l 6-kY bus are numbered CD and (1), respect ively. Choose the 
ra t ing of the equivalen t  generator as  base :  7500 kY A,  4 . 1 6 kY at the  system bus. 

S ince 

f3 X 2400 = 4 1 60 Y 3 X 2500 = 7500 k Y A 

the th ree-phase rat ing of the transformer is 7500 kYA, 4160Y /600� V. So, the 
base for the motor c i rcui t  is 7500 kVA, 600 Y. 

The input  ra ting of the s ing le equiva lent motor is 

6000 X 0 .746 

0 .895 
= 5000 kYA 

<t mJ t h e  re ;lc tances or t i l C  eq u iva le n t motor in perce n t  arc the s a m e  on th e base of 
t h e  comb ined  ra t i ng a s  t h e  reac t a nc e s  of t h e  i n d iv i d u a l motors on the base of the 
ra t ing or an i nd i v i d u ;t 1  motor.  The reac tanccs of the e quiva len t motor in per unit 
on the se lected base a rc 

7500 X:; = Xl = X2 = 0 .2 
5000 = 

0.3  
7500 

Xo = 0.04 -- = 0 .06 
5000 

In t h e  zero-seq u e nce ne twork t h e  reactance between neutral and ground of the 
equ ival ent motor is 

7500 
3 XII = 3 X 0 .02 

5000 
= 0 .09 per uni t  
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and for the equivalent generator the reactance from neutral to ground is 

3Xn = 3 X 0 . 05 = 0 . 15 per un i t  

Figure 1 2 . 1 8  shows the series connection of  the sequence networks. 
S ince the motors are operat i ng  at rated vol tage equal to the base vol tage of 

t he motor c ircuit, the  prcfault  volt age of phase a at ,the fau l t  bus CD i s  

Vf = 1 .0 per un i t  

Base current for the  motor c i rcu i t  i s  

7 ,500 ,000 
---=--- = 72 1 7  A 13 X 600 

and the actua l  motor current  is 

746 X 5000 
-----;0=------ = 4798 A 0 .88 X 13 X 600 X 0 .85 

Current drawn by the motor through l i ne  a before the fau l t  occurs is 

4798 --I - cos - 1 0 .85 = 0 .665 ! - 3 1 .80 = '0 .565 - jO.350 per un i t  
7217 L------- 1-

If prefaul t  current is neglected, E; and E;� are made equal to 1 . 0& in Fig. 
1 2. 1 8 . Thevenin impedances a re compu ted at bus CD i n  each sequence ne twork as 
fol lows: 

Z( I ) = Z(2) _ ( iO . l + jO . l ) ( j0 .3 ) 
1 1  1 1  - = jO . 1 2 per un i t  j(O . l + 0 . 1 + 0 .3 )  

z \�) = jO. 1 5  per  un i t  

Fau l t  curren t  i n  t he series connection o f  the sequcnCL: networks is 

I ( 1 )  _ ____ V....;;, __ ---=-
fa - zg) + zg) + z \7) 

1 .0 1 .0 
----------------- = ---- = 

jO . 12 + jO. 1 2 + jO . 1 5  jO.39 

1 (2) = 1(0) = 1( 1 ) = -)'2 564 per un i t  fa fa fa . 

-j2.564 

Current in  the faul t  = 3 1}�) = 3( -j2.564) = -j7.692 per un i t .  In the posltlve­
sequence network the portion of I}�) flowing toward P from the transformer is 
found by current division to be 

-j2.564 X jO .30 
jO .50 -j1 .538 per unit  
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CD - 0.565 - jO. 676 

jO.30 

CD -j l .026 

jO.30 

1 -j2.S64 

CD -j2.564 

jO.06 

jO.09 

FI G U RE 1 2 . 1 8  
Con n e c t i o n  of t h e  sequence n e twor k s  of Example  1 2 .6. S ub t ra n s i e n t  currents a re m a rked in  per unit  

for a si ng le  l i ne - t o-ground faul t a t  P.  P refau l t current  is  i nc l uded.  

and the port ion of I}� ) fl owing from the motor t oward P i s 
--j 2 .564 X jO .20 
jO .50 -j 1 .026 per uni t 

S im i l a rly , t he port ion of Ii;' ) from t h e t ra ns rormer i s  -
j

1 .538 per uni t , and the 
componen t of I};) from the motor is -j1 .026 per un i t . Al l  of J}�) flows toward P 
from t he motor . 

Curren ts in the fines at t he fau l t , shown without subscript j, are : 
To P from the t ransfo rmer in per uni t : 

1 
1 l  

0 
1 [ -

j
3 .076

1 
a - j 1 .538 = j1 .538 a2 -j 1 .538 j 1 .538 

1 a 
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To P from the motors in per unit :  

a 

1 ] [ -j2 .564 ] [ -j4 .6 16 
a -jl .026 = -j 1 .538 

a 2 -jl .026 -jL538 

Our method of  l abel ing the l ines is the same as in Fig. l L23( a ) such t ha t  cu rre n ts 

I�l ) and I�2) in the l ines on the high-voltage side of the  t ransformer are related to 
the currents 1� 1 )  and I�2) in  the l ines on t h e  low-vol tage side by 

Hence, 

I�l ) = ( -Jl .538) � = 1 .538/ - 60° = 0 .769 - j1 . 3 32 

I�2) = ( -jL538)/ - 30° = 1 .538/ - 120° = - 0 .769 - j 1 . 332  

and from Fig. 12 . 18 we note that  I�O) = 0 in the zero-sequence network. S i nce 
there are no zero-sequence currents on the h igh-vo l tage side of t h e  t ra n sform e r ,  

we have 

fA = I�I) + I�2) = (0 .769 - J l .332) + ( - 0 .769 - j l .332) = -j2 .6b4 per un i t  

I�l ) = a2I�1 ) = ( 1/2400 ) ( 1 .538/ - 60° ) = - 1 .531) + jO 

If) = a I�2) = ( 1� ) ( 1 .538/ - 1200 ) = 1 .538 + jO 

I = / ( \ )  + / (2 )  - 0 8 8 8 -

IP) = a l�l )  = ( 1� ) ( 1 .538/ - 600 ) = 0 .769 + j 1 .332 

It2) = a 2I�2) = ( 1/2400 ) ( 1 .538/ - 1200 ) = - 0 .769 + j 1 .332 

Ie = Itl ) + 12) = j2 .664 per unit 

If  voltages throughout t h e  system a re to be found by circuit ana lysis ,  the ir  
components at any point can be calculated from the currents and reactances of the 
sequence networks. Components of  voltages on  the high-voltage s ide of  the 
transformer are found first without regard for phase shift .  Then, the effect of 
phase shift must be determined .  

B y  evaluating the base currents o n  the two sides of the transformer, we can 
convert the above per-unit  currents to amperes . Base current for the motor circu it 
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was found previously and equals 721 7  A. Base current for the h igh-voltage circuit 

IS 

Current in the fau l t is 

7 ,500,000 
---=--- = 1 04 1  A 13 X 4 1 60 

7 .692 x 721 7  = 55 ,500 A 

Currents in the l i nes between the transformer a n d  the fau l t  are 

I n  l i n e  a :  3 .070 X 72 1 7  = 22,200 A 

I n  l i n e  h :  1 .538 X 721 7 = 1 1 , l OO A  

In l ine c :  1 .5 38 x 721 7 = 1 1 , 1 00 A 

Currents in the l ines be tween the motor and the fau l t  are  

I n  l i n e  a :  4 .() l(j  X 7 2 7 1 = :r� ,3rn \ 

In  l i ne  b :  l .538 x 72 1 7  = 1 1 , 1 00 A 

In  l ine c :  l .538 x 72 1 7  = 1 1 , 1 00 A 

Currents in the l i nes between the 4 . 1 6  kY bus and the transformer are 

In l i ne  A :  2 . 664 x 1 04 1  = 2773 A 

In l ine B :  0 

I n  l ine C :  2 . 664 x 1 04 1  = 2773 A 

The cu rrents  we have ca lcu la ted i n  the above example are those which 
w o u l d  flow u po n  the occu r rence of a s i n gl e l i n c - t o-gro u n cl fau l t  when there is no 
load on the motors. These cu rrents a re correct on ly if the motors are drawing 
no current whatsoever. The statement of the problem specifies the load condi­
t ions at the t ime of the fau l t ,  however, and the load can be  considered.  To 
account  fo r t he  load, we add  t he  per-un i t  cu rren t  d rawn by t he  motor through 
l ine a before the  fau l t  occu rs to the port ion of IJ�) flowing toward P from the 
transformer and subtract t he  same cu rrent from the  portion of I};) flowing from 
the motor to P. The new va l u e  of posi t ive-sequence current from the trans­
former to the fau l t  in phase a i s  

0 .565 - jO . 350 - j1 .538 = 0 .565 - j1 .888 

and the new val ue  of pos i t ive-sequence current  from the motor to the  fault in 
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- j 2.664 

, 
+ j2 .664  

FIGURE 1 2. 1 9  

, 
j 1 . 538 

) 

. ) 
} 1 .  538 

) 
-j3 .07 6  

Per-unit va lues of  subtransient l ine currents i n  a l l  pa rts of t h e  sys t e m  of Exa m ple  1 2 . 6 ,  p refau l t  
current neglected. 

phase a IS 

- 0 .565 + jO .350 - j l .026 = - 0 .565 - jO . 676 

These values are shown in Fig .  12 . 18 .  The remainder of the ca lcu l a  
these n ew values, proceeds as  in  the example .  

Figure 12 . 1 9  gives the per-uni t  va lues of subtrans ien t  l ine currents i n  a l l  
parts of the system when the faul t  occurs at no load .  Figure 12 .20 shows the  
values for the faul t  occurring on the system when the load specified i n  the 
exampl e  i s  considered. In  a larger system where the fau l t  curren t  is much higher 
in comparison with the load current the effect of neglecting the load curren t  is 
less than  is indicated by comparing Figs. 12 . 1 9  and 12 .20 .  In the la 
however, the prefault currents determined by a power-flow study cou ld simply 
be added to the fault current found with the load neglected. 

0.665 -j2 .68 5  
> 

-
.... __ ---:==�=-_-----' - 0.35 1- j 0. 565 

• 
- 0.314 + j 3.250 

FlGURE 1 2.20 

-0. 586 +j l . 224 
-

• O .02 1 +j 2 . 202  
--� 

0. 565-j3.426 -n .692+ 
Per-unit values of subtransient l ine currents in  a l l  parts of the sys tem of Example 12 .6, prefau l t  
current considered. 
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Example 12.7. The single-l ine di agram of a small power system is shown in Fig. 

1 2 .21 .  A bol ted s ingle l ine- to-ground fault a t  point P is to be analyzed. The ratings 

and reactances of the generator and the transformers are 

Genera tor : 1 00 MVA , 20 kV ; X" = X2 = 20% , Xo = 4% , 

Transformers TI and T2 : 1 00 M VA ,  206. /345Y kV;  x = 1 0% 

On a chosen base o f 1 00 MV A,  345 kY in t he  transm ission-l ine c i rcu it the l ine 
reactances are 

From TI to P :  

From T2 t o P :  

X I = X� = 20% , X = 50% () 

Xo = 30% 

To s i m u l a t e  t h e  fa u l t ,  t h e seque n c e  n e t wo r ks o f  t he system wi th reactances marked 
i n  r e r  u n i t  : l rc con n e c t e d  i n  se r i cs ,  as show n i n  Fig .  1 2 .22.  Ve r i fy t he va lues of the 
c u r re n t s S l lOW Il in the l i g u le a n u  d raw a co m p l e t e  t h ree -p h ase c i rcu i t  diagram wi th  
a l l  cu rren t flows marked in per un i t .  Assume that the transformers are  lettered so 
t h at Eqs. 0 1 .88) apply . 

Solu tion. With sw i t ch S open, t he pre fau l t currents are zero and the open-ci rcuit 
vol tage of phase A at po in t P can  be taken as the reference vol t age 1 .0 + jO.O per 
u n i t .  Th e impedances seen looking in to the sequence networks at the faul t point 
are 

( j0 .6) ( j0 .4) Z�� = = jO .24 per uni t  
jO .6 + jO .4 

Z ( I )  = pp Z(2) "" = jO.S per uni t 

The sequence curre n t s i n  t h e  hypot h e t i c a l  stub of phase A at P are . 

1 .0 + jO .O l}() - 1 ( 1 )  - / {2} - = A - fA - fA -
jO .S + jO .5 + jO .24 

-jO.8065 per  un i t 

CD T\ ® ® Tz @)  
G enerator n l3f'---lII-----------� ---t-+3-tt-E r/_S -� VDE 3E Switch open 

- .6 h 0 .6 
FIG U RE 1 2.2 1 
Sing le- l i n e  diagra m  of t he sys tem of Example 1 2 .7 .  S ingle l i ne - to-ground fault  is at poi nt P. 
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Reference 

Reference 

Reference 

FIGURE 12.22 

t Ii� = -jO.B065 

® T2 @) 

jO.2 + tp jO.l 
V(l)  PA 
- � t Ii� = -jO.B065 

@ Tz @) �........--... 

jO.2 + t P jO. l 

V (2) PA 

. t li� = -jO .B065 
-jO .3226 -j0.48� @ _ - @ Tz G) 

jO.5 + tP jO.3 

·0 1 V (O) '0 1 ) . PA J .  
J 

-J 

1 ] (0 )  
= 

IrA 
fA 3 

Con nection of the  sequence networks for the system of Fig . 1 2.2 1 to s imula te  si ngle l i ne-to-ground 
fault  a t poin t  P.  

The total current in the fau lt is 

If A = 3 1}�) = -)2 . 4 1 95 per un i t  

In the s tub of phase B at  point P w e  have 

I}V =a 21}:.J = 0.8065/ - 900 + 2400 = 0 .8065� 
I}�) = aI};/ = 0.8065 / - 90° + 1 20° = 0.8065 � 
1(0) - 1(0) 
fB - fA = 0.8065 / - 90° 

Likewise, i n  the stub of phase C a t  point P we have 

I - 1(0) + 1 ( 1 )  + 1 (2) = 0 Ie � Ie Ie Ie 
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In  the zero-sequence network the  cu rrents are :  

Toward P from T] 
jO .4  / 1 (0) = ( 0 .8065 � 90° ) A jO .6 + JO A L...--__ 

= O . 3226L - 900 per un i t  

In the  t ransm ission l ine the current s  arc: 

Toward P from TI 

Toward P from T2 

jO.6 ( / I�Ol = . . 0 .8065 - 90° ) 
j O .6 + j O .4 L...-__ 

= 0 .4839 / - 900 per un i t  

I n  l ine A :  O .J22Cl/ - 900 + O . K065/ - 900 + O .S06SL - 900 = -j I .93S6 per uni� 

In l ine B :  0 .3226/ - 900 + O .8005� + 0 .806SL2Q: = jO .4839 per unit 

I n  l ine C :  0 .3226/ - 900 + 0 .8065 L2Q: + 0.8065 � = j0 .4839 per unit 

Toward P from T� 

In  l ine A :  I A = -j0 .4839 per un i t  

In l i n e  B :  I B = -j0 .4839 per un i t  

Tn l i ne  C:  Ie  = -j0 .4839 pe r un i t  

Note that POS] t lve - ,  negat ive-, and  zero-sequence components o f  cu rrent flow in  
l ines A ,  B ,  and C from T ] bu t  on l y  zero-sequence components flow i n  these l ines 
from T2 • Kirchhoff's curre n t  l aw i s  fu l fi l led, howeve r .  
In  the generator t he cu rren ts arc 

= -j l . l969 

= j 1 .3909 

1 = 1 (0 )  + a J ( I ) + 0 2 J ( 2) = 0 + 0 .8065/ -. 1 200 + 1 200 +- 0 .8065/ - 600 + 2400 , a  (1 a _ _ 

= 0  

The three-phase circu i t  d iagram of Fig . 12 .23 shows a l l  the current flows i n  per 



FIG URE 1 2.23 
Current flows in  

Ia = -j 1 .3969 

Ib = j1 .3969 

c 

a 

b 

j0.4839 
-

B P 
j0 .4839 

Ira = 0 
P 
I 

1 IrA = .-j 2 .4 195 

-j0.4839 

-j0.4839 

Ire = 0 

a 

b 

the system of Fi: 
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unit .  From this d iagram Dote that: 

• Lines are lettered and pol a rity marks are pl aced so that Eqs .  ( 1 1 .88) are val id .  
• Stubs are connected to each l ine  a t  the fault .  
• For a s ingle l i ne -to-ground fau l t  stub curre nts I B = Ie = 0, bu t  IhO), 

Ii:?) , It) , and It2) in the stubs a l l  have nonzero values . 

• Fau l t  current flows out of s tub A ,  then part l y to T) and partly to T2 . 
• In  the generator only pos i t ive- and n egative -sequence currents are flowing . 
• In the Ll wind i ngs of T2 only zero-sequence curren ts are flow ing . 

• I n  the Ll wind ings of T\ each phase wind ing con tains posi t ive-, n egative-, and 
zero-sequence com ponents of cu rrent. These components are shown i n  Fig. 

� 10 = 1 . 3969/- 90c ----------0--.. 

n�) = 0. 1 863/- 90° 
l�� )  = 0. 4656� 
l��) = 0 .4656� 
lea = 0.2 794� 

c Ie = a ------.... 
I6�) = 0 . 1 863 / - 90° 

I6�) = 0.4656/ 1500 
I6�) = 0.4656/ 30c 

Ibe = O.2794� 

• 

• 

b 16 = 1 .3969/900 --- ----------::.. 

c • 

FlGURE 12.24 

• B IE = 0.4839/900 
3 I�O) = 0.9678/- 900 

I��) = 0 . 1863/- 90" 
I!V = 0 .4656/ - gOo 
I!i) = 0.4656/ - 90° 
lab = 1 . 1 1 75/ - 900 

Sym m e t rica l components of cu rre nts  i n  t ransformer 7, of Fig.  1 2.23. 
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12.24 and yield 

12.6 OPEN-CONDUCTOR FAULTS 

When one phase of a ba l  
created and asymmetrical currents flow.  A s im i !  
when any two of the three phases a re opened whi le t h e  t h i rd phase rema i ns 

c losed. These unbalanced cond i t ions are caused, fo r example ,  \v h e n  o n e - or 
two-phase conductors of a t ransmiss ion l i ne  are p hys ical 
storm. In  other ci rcu its, due to current overload, fuses or o th er switch ing 
d evices may operate in  one or two conductors and fa i l to 

conductors. Such open-conductor faults can be analyzed by means of tbe bus 
impedance matrices of the sequence ne tworks, as we now demonstrate. 

Figure 1 2.25 depicts a section of a three-phase c ircu i t i n  which the l ine 

currents in the respect ive phases are la ' Ib , and Ie ' with posi t i  

bus @ to bus ® as shown. Phase a i s  open b etween points p and pi i n  Fig . 

12.25(a) ,  whereas phases b and c are open b etwe e n  t h e  sam e t\VO points i n  Fig.  

12.25(b ). The same open-conductor fau l t  
phases are fi rst opened between points p and pi , and short circuits are then 
appl ied in those phases which are shown to be closed i n  Fig .  1 2 .25 .  The e nsu i ng 

developmcnt  fo llows t h is reason ing . 

Ope n i n g  the  t h ree  ph ases is  t h e  same a� re mov i n g l i nc: 8 - ® a l toge t h e r  

and then adding appropriate impedances from buses @ a n d  ® t o  t he  po i n ts 

p and p' . I f  I i  
s imu la te  the opening of  the three phases b y  a d d i ng t h e  nega t ive imped ances 
- Zo , - Z I ' and - Z2 between buses @ a n d  ® i n  t h e  co rrespond i ng Thevenin 
equivalents of the t hree seque nce n e tworks of t h e  intact sys t e m .  T o  exem p l i fy, 

, consider Fig. 12 .26(a), which shows the connection of - Z 1 to 

sequence Thevenin equivalent be tween buses @J a n d  ®. The im p e d a nc es 

shown are the elements Z( I ) Z ( l ) and Z ( I ) = Z( l ) of t h e  p os it ive-seque nce b us mm ' n n ' m n nm 
impedance m atrix Zb1Js of the intact system, and Z(��mn = ZJ�� + Z,�� - 2Z��� 
is the  corresponding Theven in impedance between buses @) and ®. Vol tages 

Vm and Vn are the normal (positive-sequence) voltages of phase a at buses ® 
and @ before the open-conductor faults occur .  The pos it ive-sequence 

impedances kZ I a n d  ( 1  - k )Z l '  where 0 � k � 1 ,  a re added as shown to 



@ 10 
a 1 -

@ Ib 

b 1 -----

@) Ie 

C 1 -----

@) fa 
a I --

@) f6 
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@) Ie 
C 1 

p 

(a) 
p 

(6 ) 

I P 

pi 
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® 
I 

® 
I 

® 
1 

® 
1 

® 
I FIGURE 12.25 

Open-cond uctor fau l t s  on a sect ion ® of a t h ree-phase syste m  between 

1-----------11 buses § and ® :  (a) conductor a 
open ; ( b )  can ductors b and c ope n 

between points p and p'. 

represent the fractional lengths of the b roken l ine @- ® from bus @) to 
poin t  p and bus ® to point p' , respectively. To u se  a convenien t notation , le t  
the vol tage VY ) denote the phase-a positive-sequence component o f  the voltage 
drops VpP'. a '  Vpp' b '  and VpP' .  c from p to p' in the phase conductors. We shal l  , 
soon see that Va(l ) ;  and the corresponding negative- and zero-sequence compo­
nents Va(2) and Va(O), take on d ifferent values depending on which one of the 
open -conductor fau I t  

By source transformation we can replace the voltage drop Va( l)  i n  series 
wi t h  t he imped a n ce [ kZ 1 + ( 1  - k )Z I ] in Fi 
in p a r a l l e l  w i t h  t h e i m ped a n ce Z I ' as s hown in Fig. 1 2.26(0 ) . I n  t h is la t ter figure 
the p a r a l l e l  comb i n a t io n  o f  - Z 1 a n d  Z 1 can be cance led ,  as shown in Fig. 
1 2 . 2GCc ). 

The above considerat ions for the posit ive-sequence network a l so apply 
d i rect ly  to the negat ive- and zero-sequence n etworks, but we must remember 
tha t the l a t ter  ne tworks do not conta in  any i nternal sou rces of their own. In  
drawi 
understood that the currents VY)jZ2 and Va(O)jZo , l ike the current Va( l )jZ l of 
Fig. 1 2. 26Cc ), owe their origin to the  open-conductor fau l t  between points p and  
p' i n  the  system. I f  there i s  no open conductor, the  vol tages V} l ), VP), and  Va(O) 
are a l  
each of the  sequence currents V}O)jZo , V} I )jZ \ ,  and �(2)jZ2 can be regarded 
in turn as a pair of injections into buses ® and ® of the corresponding 



+ 

Vn 

Z( l) - z(1 ) 
m m  m n  

I 

+ 

Vm 

z( l ) = ZO) n m  m n  

Z ( l) th o m n  
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Z ( I) = Z( I) 
n m  m n  

FlGURE 12.26 

Simulating the opening of l ine 

I 

(b)  

z(l) - Z(1) ® m m  m n  

Z(l) _ z( 1 ) 
n n  n m  

( 

Z( l) th , m n  

® 

t V ( l ) 
(! 

svstem: ( b) transformat ion to current source; (c )  resu l tan t  equ iva lent  circu i t .  

(a) 

p 
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a 

z(1), pp 

( 1  - k )ZI I p 1 -
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Z( l ) th o m il  

(c)  

.... 
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sequence network of the intact system. Hence, we can use t he bus impedance 
matr ices Z�Js ' ZblJs ' and Z�Js of the normal configuration of the system to 
determine the vol tage changes due to the open-conductor faults. But fi rst we  
must find expressions for the  symmetrical components V}O), V}l ), and VP) of the 
vol tage drops acrOss the fault po ints p and pi for each type of fault shown in 
Fig. 1 2.25 .  These voltage d rops can be regarded as g iv ing rise to the following 
sets of inject ion currents into the sequence networks of the normal system 
configurat i on :  

Posit ive Negative Zero 
Sequence Sequence Sequence 

V ( l )  V (2) V (O) 
At bus @) :  a a a 

2 1 22 20 
V ( l )  V (2) V (0) 

At b u s  @ :  1I 1I a - -- - -- - --

2 1 22 20 

as shown i n  Figs. 1 2.26 and 1 2 .27. By mult ip ly ing t he bus impedance matrices 
ZboJs ) ZblJs , and Zb2Js by current vectors conta in ing only these current i nject ions, 
we obtain the fo l lowing changes in the symmetrical components of the phase-a 
vol tage of each bus (J) :  

Zero sequence : 6. V (O) = I 

Positive sequence : 6. V( l )  = I 

Negative sequence : 6. V( 2) = , 

2 (0) - 2 �0) 1 m  I n  V (O) 
2 a 

° 

2( 1 ) - 2 � 1 ) 1 m  In  V ( 1 ) 
7 1 

a 

2 (2) - 2m 1 Ir/ I I I  V (2) 
2 a 

2 

( 12 .27) 

Before developing the equ at ions for Va(O) ,  v:,( 1 > , and VP) for each type of 
open-conductor fault , l e t  us derive express ions for the Theven in equivalent 
impeda nces of  the seq u e n ce n etworks, as seen from fau l t  points p and p' . 

Looking into the posit ive- sequence network of Fig . 1 2.26(a)  between p 
and p' , we see the impedance 2��, given by 

( I l ; 2 
Z ( l ), = kZ + Zth , m ,, (  - ZI )  ( 1  k ) Z  = __ -_2_1 _ 

pp 1 z ( l ) Z + - 1 Z( I )  Z t h . m n  - 1 t h . m "  - 1 
( 1 2 .28) 



Z(2) = Z(2) 
m n  n m  

Z(O) = Z(O) 
m n  n m  

F1GURE 12.27 
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Simulating the opening of line @)- ® between points p and p' : (a) negative-sequence a n d  (h) zero-seque nce equ iva l e n t  c i rcu i t s .  
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a nd from p to p' the open-circui t  vol tage obtained by voltage d ivision is 

- z  
Open-circu i t  vol tage from p to  p' = I ( V 

2 ( 1 ) _ Z m 
t h , mn 1 

( 1 2 .29) 

Before any conductor opens ,  t he  curren t Imn in phase a of the l ine @) - ® is 
pos i t ive sequence a nd is given by 

I '-""c 
II l it 

v - V "' /I 

Subst i t u t i ng th is  expressio n for 1""1 in Eq . ( 1 2.29) , we obt a i n  

Open-ci r cu i  t vol tage from p to p' 
= Jmn Z��, 

( 1 2 .30) 

( 1 2 .3 1 )  

Figure 12 .28(a )  shows t he resu l t i ng pos i t ive-sequence equ ivalent ci rcu it between 
points p and p ' .  Analogous to Eq. ( 12 .28) we have 

Z(2 �  = PP Z (2) Z t h  mn  2 
and 

- Z 2 o z (O), = PP Z(O) 2 th mn - 0 
( 1 2 .32) 

which a re the negat ive- and zero-sequence impedances, respective l y, between p 
and pi i n  F igs. 1 2 .28( b)  and 12 .28(c) .  We can now proceed to develop expres­
s i ons for t h e  sequence vol tage d rops Va(O), Va(I ) , and vy). 
One open conductor 

Let us co n s i d e r  o n c  open cond u c t o r  as . i n  f i g .  J 2.25 ( a ) . Owing  to the  open 
c i rc u i t  i n  p h a se (1 ,  t h e cu r ren t 1 11 = 0 ,  and  so 

J (O)  + J ( I ) + 1 (2 ) = 0 {.I a iI ( 12 .33 ) 

w h e re J ( O ) J( I )  and 1 (2 ) are the symmetrical  components  of the line c u rren t s  la ' a ., a , a 
I '1 nd I from p to p' . S i nce p hases h a nd c arc closed, we a l so have t he Ii ' (l c 
vo l  t a ge drops 

VPP' , c  = 0 ( 12 .34) 

Reso lv ing the ser ies vol tage d rops across t he fau l t  point  into the i r  symmetr ical 
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1(1 ) ](2) a a 
----+- p ----+- p 

r 

r r 
ZOl Z(2), 

pp' pp 
+ 

] Z(l ) V ( l) V (2) 
m n  pp' a a 

p' I - p' l-I 
(a) ( 6 )  

] (0) 
a 

- p -----i 
r 

ZeO) 
p p '  

y eO) 
a 

p' 

(c) 

FIGURE 12.28 
Looking into the  system between points p and p' : (a )  pos i t ive-sequence, ( b )  negative·seque nce, and  (c)  zero-sequence equiva len t  ci rcu its .  

com ponents, we obtain 

That is, 

[ 
V}D) I 1 [ 1 
V( l )  = - 1 a 3 V(2) 1 a 

1 \ I [ �)P' . a I � [ VpP' . a I a 0 
3 

Vpp' . a 
a 0 V,) , a p .  

V , 
V(D) = V( I ) = V (2) = a a a 

pp , a 
3 

( 12 . 35 ) 

( 12 . 36) 

In  words, this equation states tha t  the o pen conductor i n  phase a causes equal 
voltage drops to appear from p to p' in  each of the sequence networks. We can 
satisfy this requirement and that of Eq. ( 1 2.33) by connecting the Theve,nin 
equ ivalents of the sequence networks in parallel at the points p and  p' , as 
shown in Fig .  ] 2 .29. From th is figure the expression for the posi t ive-sequence 
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]( 1 ) ] (2) a p � p  
Z(I ), t + 

Z(2), t Z(O), pp V el) y (2) pp ] Z( I )  p p  a a pi pi m n  p p' 

FlGURE 12 .29 
Co n nect ion of t he sequence networks of the  
and p' . 

cu rr e n t  1� 1 ) i s  found to be 

1 ( 1 ) - 1 1I !! 1 11 zm, Z (O ), 
7 (  I � + IIII I' {' 

PI' Z ( 2 ), + Z (( I ), 
� " f' 1'1' 

](0) � p  
t + 

yeO) 
I a P . -

( 1 2 .37) 

The sequence vol t age d rops V}O) , Va( I ) , and  Va(2) are t hen  given by Fig. 12.29 as 

z(2� Z (O), - V (O) = V (2 )  = V( I )  = 1 ( 1 ) pp pp 

a a a a Z (2), + Z (O), 
pp pp 

Z (O), Z (  I � Z(2 )  
= 1 pp pp pp' 

III n Z(O), Z( l ), + Z( I ), Zm, + Zm, Z(O), 
pp pp pp pp pp pp 

( 1 2 .38) 

The quant I t Ies on t he r igh t -hand s ide of  t h is equa t ion a re known from the  
impedance p aramet e rs of  t he sequence ne tworks and t he p refau l t  current  i n  
phase a of t he  l i ne  ®- @ .  Thus,  t he curren ts v'1(O)/ZU ' VY )/Z I ' an d VY)/Z2 
for i nject ion i n to the  correspond ing sequence networks can be determined from 
Eq. 02 .38) .  

Two open conductors 

When two conductors a re open ,  as shown in Fig. 12.25( b) ,  we h ave fau l t  
cond i t i ons which are t he dua/5 2 o f  t hose i n  Eqs. ( 1 2 .33)  a nd ( 1 2.34); namely, 

1 - 0 b -

2Dualiry is t reated i n  many textbooks 

( 1 2 .39) 

1 = 0 c ( 1 2 . 40) 
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Resolving the l i ne currents into their symmetrical components gives 

( 12 .4 1 )  

Equat ions ( 1 2 .39) and ( I 2.4 1 )  are both sat isfied by connect ing the Thcven in 
equ ival ent  of the negat ive- and zero-seq uence networks in series be tween poin ts 
p and pi , as shown in Fig. 1 2 .30. The sequence currents a re now expressed by 

-I- Z ( I ), + Z ( :' )  ' 1 ' 1 '  � /'1" 
( l 2 .42) 

where I m il is again the prefaul t  current i n  phase a of the l ine ® - ® before 
the open circuits OCCur in phases b and c. The sequence vol tage drops are now 
given by 

Z ( l ), ( z (2 ), + Z (O), ) 
V e l )  = 1 ( 1 ) ( Z (2), + Z (O), ) = I pp pp pp 

a a pp p p  m il Z ( I ), + Z ( 2), + Z (O), p p  p p  p p  

- Z ( 1 ), Z (2), 
= I pp p p  

m n  Z ( I ), + Z (2), + Z (O), 
pp pp pp 

- Z ( I ), Z (O), = I pp pp 

11 1 /1 Z ( I >, -; . Z (2), + Z (O), pp ' pp pp 

( 1 2 .43)  

In each of these equat ions t he r ight- hand s ide quan t i t i es a re al l known befo re 
the fau l t  occurs. Therefore, Eq. ( 1 2 .38) can be used to eva luate t he symmetr ical 
components of the vol tage drops between the fau l t  poin ts p and pi when an 
open-conductor faul t  occurs; and Eq . ( 12 .43) Can be similarly useJ when a fau l  t 
due to two open conductors occurs. 

The net effect of the open conductors on the posit ive-sequence network is 
to i ncrease the transfer impedance across the  l ine in which the open -conductor 
faul t  occurs . For one open conductor th is increase in impedance equ als the 
parallel combinat ion of the negat ive- and zero-sequence ne tworks between 
points p and pi ; for two open conductors the increase in impedance equals the 
series combination of the negative- and  ze ro-sequence networks between p.oints 
p and  p' .  



� 

+ Z( l ), pp 
I Z(l ) m it pp' 

-

Z(2) 
pp' 
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Z(O), 
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FlG URE 12.30 
Co n n ect ion of the  
points  p a nd p'. 
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1 ( 2 ) 
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1 (0) 
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j 1 ( 1 )  = 1 (2) = [(0) 
a <l a 

Example 12.8. In the system of Fig. 1 2.5 consider that mach ine 2 is a motor 
drawing a load equ ivalent to 50 MVA at 0.8 power· factor lagging and nominal 
system vol tage of 345 kV at bus G).  Determ i ne the change i n  vol tage a t  bus G) 
when the transmission l i ne undergoes ( a )  a one-open -conductor fault and (b)  a 
two-open-cond uctor fau l t  a long its span between buses W and G) .  Choose a base 
of 1 00 MVA,  345 kV i n  t he transmission l i ne .  

Solution . All  t 
choos i n g  t h e  
curren t in l i ne W- G) a s  fol l ows: 

12J = P - jQ 

V *  :l 

0 .5 ( 0 .8 - jO.6) ------ = 0 .4 - jO .3 per un i t  1 .0 + jO .O 
The sequence networks of F ig .  1 2.6 show t ha t  l i ne (1)- G) has paramete rs 

Z \  = 2
2 

= jO . l 5  per un i t  Zu = jO .50 per un i t  

The bus impedance ma tr ices Z�oJs and Z\,IJs = Z�Js are also given i n  Example 12.l .  
Designat ing the open-c i rcu i t  poi nts of the l i ne as p and pi, we can calculate from 
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Eqs. 0 2.28) and 02.32) 

- ( j0 . 1 5 )
2 

---------------- = jO . 7 1 20 pc r uni t 
j0 . 1 696 + jO . 1 696 - 2( j0 . 1 l 04) - jO . 1 5 

- Z 2 
Z (U) _ ---:-:::--_--:-:-:-__ u_--::-:-__ pp' - Z (O, + Z(O ) - 2 Z ( O ) - Z 22 33 23 () 

"1 
- ( f0 .50) ' 

= --------------- = 00 
jO .08 + jO .58 - 2( f0 . 08 )  - jO .50 

Thus, if the l ine from bus @ to bus G) i s opened, then a n  i nfin i te impeda nce is 
seen look ing in to the zero-sequence network between points p and p' of the 
opening . F igure 1 2.6( b)  confirms th is fact s i nce bus G) wou ld  be i sol a ted fro m the  
reference by openi ng the connection betwee n bus CV and bus 0.; . .  
One open conductor 

In this example Eq. 0 2.38) becomes 

( j0 .7 1 20) ( j0 . 7 120) 
= ( 0 .4 - jO . 3) -

j
-.
0
-
. 7

-1 2-0-+-jO-.7-1
-
20

-

= 0 . 1 068 + jO . 1 424 per un i t  

and from Eqs. 02.27) we now ca lcu l a te thc sym m e t r i c a l  components o f  the vol tage 
at bus (1) :  

LlV
3
( 1 )  = LlV

3
(2) = 32 33 V e l ) = . ( 0 . 1 068 + jO. 1 424) 

Z( I )  - Z( l )  ( jO . 1 1 04 - jO . 1 696 ) 
Z I 

a 
j 0 . 1 5  

= - 0 .0422 - j O .0562 per un i t  

LlV
3
(0) = 32 33 V (O) = . ( 0 . 1 068 + j O. 1 424) 

Z(O) - Z(O) ( jO . 08 - jO .58  ) 
Zo 

a j O .50 \ 

- 0 . 1 068 - jO . 1 424 per un i t  

- 0 . 1 068 - jO . 1424 - 2(0 .0422 + jO .0562) . 

- - 0 . 1 91 2  - jO .2548 p e r  un i t 
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Since the prefau l t voltage a t  bus G) equals 1 .0 + jO.O, the new voltage a t  bus G) 
IS 

Vj = V3 + tlV3 = ( 1 .0 + jO.O) + ( - 0 . 1 9 12  - jO.2548) 

= 0 .8088 - jO .2548 = 0 .848/ - 17 .5° per un i t 

Two open conduc tors 

Insert ing t he i n fi n ite impedance of the zero-sequence network in series 
between po in ts p and p' of the posit ive-sequence network causes an open circuit 
in the l a t t er .  No power tran sfer can occur in t he system-confirmat ion of the fact 
t h at power cannot be t ransferred by on ly one phase conductor of the t ransmiss ion 
l i ne in t h i s  case s ince t he zero-sequence ne twork offe rs no return path for current . 

1 2 . 7  S U MMARY 

I I  t h e e m rs i n  a posi t ive-se q u e n ce n e two rk l i k e  t h a t shown i n  Fig. 1 2.2 a re 
repl aced by short  c i rcu i t s ,  t h e  i m peda nce be twee n the fau l t  bus ® and the 
r e fe r e n ce node is t he pos i t ive-sequence impedance ZJ� in t he equat ion devel­
oped for fa u l t s on a power system and is the series impedance of the Thevenin 
equ iva lent of the ci rcu it between bus  ® and the reference node. Thus, we can 
regard Zk� as a s ing le impedance or the ent i re pos it ive-sequence network 
between bus  ® and the refe rence with no emfs present. If the vol tage Vf is 
connected in series with th is mod ified pos it ive-sequence network, the resu l t ing 
c ircu i t ,  shown in Fig. 1 2. 2( e ), is the Thevenin equivalent of the or iginal 
posit ive-sequence network. The circu its shown in Fig. 12.2 are equ ivalent on ly in 
the i r  effect on any external connections made between bus ® and the refer­
e nce node of the origina l  networks. We can easily see that no curren t flows i n  
t h e  branches o f  the equiva lent  circu i t  i n  the absence o f  an external connection, 
b u t  current wi l l flow in the branches of the originaL posit ive-sequence network if 
any d i fference exists in the phase or magni tude of the two emfs in the network. 
I n  Fig . 1 2 .2( b )  t he cu rrent  flowing in the branches in the absence of an exte rnal 
c o nnec t i o n i s  the  prefau l t  load cu rrent .  

W h e n  t he o t he r  seq uence ne two rks are i n t e rcon n ected wi th the posit ive­
sequence network of Fig. 1 2 .2( b )  or its equ iva lent shown in Fig. 1 2.2C e ), the 
cur ren t  flowing out of the network or i ts equiva lent  is I};l and the voltage 
between bus ® and the reference is Vk((� l .  With such an external connection, 
the cu rrent in any branch of the original pos i t ive-sequence ne twork of Fig. 
1 2 .2 ( b) is the pos it ive-sequence cu rrent in phase a of that branch during the 
fau l t .  The prefault component  of th is  cu rrent is included. The current i n  any 
branch of the Thevenin equ iva lent  of Fig. 1 2.2( e) ,  however, is only that  portion 
of the actual pos i t ive-sequence current found by apportioning J}�) of the fau lt 
among the branches represented by zi� according to their impedances and 
does not i nclude the prefau l t  component .  

In the p recedi ng sect ions w e  h ave seen that the Thcvenin equiva lents of 
t he  sequ ence ne tworks of a power system can be interconnected so' that solving 
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Summary of the connections of the  sequence networks to s imula te various types of short-circu i t  fau l ts t h rough impedance Z f. vI�I, VI!), a nd 

Vk(;) a re the symmetrical components of phase a voltage a t  the fault bus ® with respect to reference. Va(OI, Vyl, a n d  Va(2) are t h e  
symmetrical components o f  t h e  phase a voltage drops across t h e  open-circu i t  points p and p'. 
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the resulting network yields the symmetrical components of current and voltage 
at the fault . The connections of the sequence networks to simulate various types 
of short-circu it fau lts, including a symmetrical three-phase fau lt, are shown in 
Fig .  12 .3 1 .  The sequence networks are indicated schematically by rectangles 
enclosing a heavy l ine to represent the reference of the network and a point 
marked bus ® to represent the point in the network where the faul t  occurs. 
The pos i t ive-sequence network con tains emfs that represent the internal volt­
ages of the machines. 

Regard less of the prefau l t  vol tage p rofile or the particu lar  type of short­
c ircu i t  fau lt occurring, the only current which causes positive-sequence voltage 
changes at the buses of the system is  the symmetrical component I}�) of  the 

current 'Ia coming out of phase a of the system at the fau l t  bus ®.  These 
pos i t ive-sequence vol tage changes can be calcu lated s imply by mul t i plying 
col umn k of the pos it ive-sequence bus impedance matrix Z�\�, by the injected 
current - II,; ) ' S im i l a r ly , t h e negat ive- and ze ro-sequence components of the 
vol t age changes due to the shor t -c i rcu i t  fau l t  on the sys tem a rc caused, respec­
t ively, by the symmetrical components I}�) and IJ�) of the fau l t  cur rent If a out 
of bus ® .  These sequence voltage changes a re also calculated by mu l t iplying columns ® of Zi,2Js and Z��s by the respect ive current i njections -Ij�) and 
- 1 (0) I" . 

I n  a very real sense , t herefore, there i s  only one procedu re for calculat ing 
the symmetrical components of the voltage changes at the buses of the system 
when a short-circuit fault occurs at bus ® -that is, to find I}�), I}�>' and I}�) 
and to mul t iply columns ® of the correspond ing bus impedance matrices by 
the negat ive values of these currents .  For the common types of short-circu i t  
fau l t s  the only d ifferences i n  the ca lcu l at ions concern t he method of s imulat ing 
the fau lt a t  bus ® and of formu lat ing the equations for I}�), I}�), and I};). The 
connections of the Theven in equiva lents of the sequence networks, which 
prov ide a ready means of deriv ing the equat ions for I}�), I}!>, and I};), are 
summarized in Fig. 1 2 . 3 1  and the equat ions t hemselves are set forth in Table 
1 2 . 1 .  

Fau l ts due to open conductors i nvolve two inj ections into each seque n ce 
ne twork a t  t he buses nea rest the  open i ng in t he  conductor . Otherw ise, the 
procedure for caku lat ing sequence vo l tage changes in the system is the same as 
that for short-circuit fau l ts .  Equations for the sequence volt ages and currents at 
t he  faul t  are a l so summarized in  Tab le 1 2. 1 .  

The reader is rem inded of  the n e e d  to a dj u s t  the phase ang les of the 
sym metrica l  components  o f  t h e  c ur r e n t s  and t h e  voltages in th ose p a rts o f  the 
sys tem which are separated from the fau I t bus by �-Y transformers .  

PROBLEMS 

1 2 . 1 .  A 60-Hz l u rbogencralor is rated 5 0 0  MY A, 22 kY . I t  i s  Y-connected and sol idly 
grounded and is opera t ing at rated vol tage a t  no load. I t  is disconnected from the 

, 
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rest of the system. Its reactances are X� = XI = X2 = 0 . 1 5  and Xo = 0.05 per  
un i t .  Find the ratio of the sub trans ien t  l i ne  current  for a s ing le  l i ne-to-ground 
fault to the sub transient l ine curren t  for a symmetrica l  t h ree-phase fau l t .  

12.2. Find the ratio of  t he  sub transient l ine current for a l ine-to- l i ne fau l t  to the  
subtransient current  for a symmetrical th ree-phase fau l t  on the  genera tor of Prob. 
1 2 . 1 .  

12.3. De termine the inductive reactance i n  o h m s t o  b e  inse rteu i n  the neu tra l  connec­
t ion of the generator of Prob. 12 . 1  t o  l im i t  the sub t ransient  l i ne  cu rrent for a 
single l ine-to-ground fau l t  to t ha t  for a th ree-phase fau l t .  

12.4. With t h e  induct ive reac tance fou n d  i n  Prob. 1 2 . 3  i nse rted in  th e neu t ra l  of t h e  

genera tor o f  Prob. 12 . 1 ,  find t he ra t i os of  t h e  s u b t r a n s i e n t  l i n e curre n t s  for t h e  
fo l lowing fau l ts to t h e  subtra n s i e n t  l i ne c u r re n t  fo r a t h rec -rhasc fa u l t :  ( a )  s i n g l e 

l ine- to-ground fau l t ,  ( b )  l ine- to - l i ne fa u l t ,  a n d  CC )  double  l i n e - to-gro u n d  fa u l t .  

12.5. How many ohms o f  resis tance i n  t h e  ne u t r a l con nect ion o f  t h e genera tor o f  Prob.  
1 2 . 1  wou ld  l imi t  the subtransient l ine cur rent  fo r a s i ng l e  l i n e- to-gro u n d  fau l t  to 
that for a th ree-phase fau l t?  

12.6. A generator rated 1 00 M VA, 20 kV h as X;; = XI = X2 = 20% and Xo = 5%. I ts 
neutra l i s  g rounded t h rough a reactor of  0.32 n .  The g ene r a tor is ope ra t i ng a t  
rated vol tage without load and is d iscon nected from th e system w h e n  a s ing le  

l ine-to-ground fault occurs a t i ts termina l s .  Find  the sub t ra n s i e n t  c u r r e n t  in  t h e 

fau l ted  phase. 

12.7. A 1 00-MVA 1 8-kV tu rbogenerator h aving X;; = Xl = X2 = 20% and Xo = 5% is 
about to be connected to a power sys t e m . The g e n e rator  has a c u rren t - l i m i t i n g 

reactor of 0. 1 62 n in the neu tra l .  Before the generator is connected to t he 

system, i ts vol tage is adjusted to 1 6  kV w h e n  a d o u b l e  l i n e -to-grou n d  fa u I t  

develops a t termina ls  b and c .  Find the i n i t i a l  sym m e t ri c a l  roo t - me an-sq ua re 

(rms) curren t in th e gro u n d  a n d  in l i n e  b .  
12.8. The reactances of a generator ra t e d  1 00 M V  A, 20 k V  arc  X;; = Xl = X2 = 20% 

and Xo = 5%. The g e n e r at o r  is  connecte d  to a 6.-Y t ra n sforme r rateel 1 00 M VA. 

20Ll-230Y kV, with a reactance of  1 0% .  The neu tra l of t he t ransformer is so l i d l y  
grounded.  The terminal vol tage o f  t h e  generator  is  2 0  k V w he n a s i n g l e  l i nc- to­
grou nd faul t occurs on t he open-c ircu i t e d ,  high -vol tage s ide of the t r ans fo r m e r. 
Find the in i t ia l  symmetrical rms current in a l l  ph ases of  the  gene ra tor .  

12.9. A generator suppl ies a motor t h rough a Y-6. t r ans forme r . The generator is 
connected to the Y s ide of the t ra n s fo rm e r .  A fa u l t  occu rs between the motor 
terminals and the t ransformer. The symmetr ica l  components of the subtrans ient 
current in the  motor flowing toward the fau l t  are 

I� I ) = - 0.8 - j2 .6 per un i t  

1�2) = -j2 . 0  pe r  un i t  

I�O) = -j3 . 0 per  un i t  
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From the tra nsformer toward the faul t 

I� I )  = 0.8 - jOA per uni t  

I�2) = -j 1 .0 per unit 

I�O) = 0 per uni t  

Assume X;; = XI = X 2 for both the motor and the generator. Descr ibe the type 
of fau l t .  F ind ( a )  thc  prcfau l t  current, if any, in l ine a ;  (b)  t he subtransient fault 
current in per un i t ;  and (c) the subtrans ient  current in each phase of  the 
generator in per un i t .  

1 2 . 1 0 .  Using Fig. 12 . 1 8, ca lcu la te the bus  impedance mat r i ces Zhl1s , Zh21s ' and Z\?1s for 
the network of Example 1 2 .6 .  

1 2 . 1 1 .  Solve for the subtrans ien t  current in a s ingle l ine-to -ground fau lt fi rst on bus CD 
and then on bus 0 o f  the network of Example 1 2 .6. Usc the bus impedance 
matrices o f  Prob. 1 2 . 1 0 . A lso, hnd the vol tages to neutral a t  bus 0 wit h the fau l t  
a t  bus (D .  

1 2 . 1 2 . Ca lcu la te  the  subtrans ient cu rren t s  i n  a l l  parts 0 f the system 0 f Examp le  1 2 .6 w it h  
prcfau l t  curren t  neglected i f  t he fa u l t  on the low-vol t age side of the transformer i s  
a l i nt-to-l i ne fau l t .  Use Z�1s ' Zh21� , and Z��$ of Prob. 1 2. 1 0. 

1 2 . 1 3 .  Repeat Prob. 1 2 . 1 2  for a doub le l i ne -to -ground fau l t .  
1 2 . 1 4. Each of the machines connected to the two high-vol tage buses s hown i n  the 

single- l ine diagram of Fig. 1 2. 32 is rated 1 00 MYA, 20 kY with reactances of 
X� = XI = X2 = 20% and Xo = 4% .  Each th ree-phase transformer is ra ted 100 
MYA, 345Y /20ll kY, wi th leakage reactance of 8%. On a base of 1 00 MYA, 345 

kY the reactances of t he transmission l ine are XI = X2 = 1 5% and Xo = 50%. 
F ind the 2 x 2 bus impedance ma tr ix for each of the th ree se quence networks. If  
no prefau l t  current i s  Aowing in the network, hnd the subtransient current  to 
ground for a double l i n e -to-ground fau l t  on l ines B and C at bus CD .  Repeat for 
a fau l t  at bus 0.  When t he fau l t  is at bus 0, determine the  cu rrent in phase b 
of machine 2 i f  the l i nes are named so t hat v:.l l ) leads �,( I ) by 30° . If the phases 
arc named so t h a t  I{� I )  l eads  1�1 )  by 30° , what l e t te r  ( II ,  h, or c) wou ld iden t i fy t he 
phase of machine 2 w h i c h  wou ld  carry the current found for phase h above? 

FI G U R E  1 2 .32 

S i n g l e - l i n e  d i agram for Proo. 1 2. 1 4 .  

12 . 15 .  Two gene rators G t and G2 are connected, respectively, through transformers TJ : 

and T2 to a h igh -vol t age bus which suppl ies a t ransmission l ine .  The l ine is open 
at the far end at wh ich poin t  F a fa u l t  occurs . The prefaul t voltage at po int  F i s· 

: � 
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